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Abstract. This paper analyzes the dynamic interplay between individuals’beliefs
over transmission risks and their decisions on whether to engage in unprotected sexual
behavior. The infectious disease is (possibly) asymptomatic, which makes the inference
problem non-trivial. In general, the dynamics of beliefs can be non-monotone in time, even
without shifts in actions. Both monogamous and concurrent relationships are considered.
It is shown that if unprotected sex is voluntary, then a utilitarian social planner would
prefer more unprotected sex than the level chosen in equilibrium. Furthermore, it is shown
that altruism towards the partner will increase the amount of voluntary unprotected sex
and thus increase the amount of infection.
Keywords: Asymptomatic infection, beliefs, infection dynamics, risky sexual behavior,
learning, HIV/AIDS.
JEL Classi…cation: D83, I12.

1. Introduction
The emergence and global spread of HIV/AIDS since the early nineteen eighties, is often
referred to as the invisible epidemic. The reason is that infection with HIV can be asymptomatic
for a very long time, allowing the disease to spread unnoticed in the population.1 Thus, a
central issue in understanding the rapid propagation and persistence of an easily avoidable and
potentially fatal disease, is the fact that individuals may be infected for protracted periods
of time, without being aware that they are infected. The median time between infection and
the onset of symptoms (i.e. the incubation period) has been estimated to around ten years
(see Bacchetti and Moss, 1989 and Chevret et al., 1992). The fact that HIV can remain
asymptomatic for so long, seriously complicates the estimation of incidence and prevalence
rates, as documented by Oster (2011).
Individuals appear to be fairly accurate in assessing their own probability of being infected
(Delavande and Kohler, 2009 and 2011 and Dodds et al., 2004), although some evidence suggests
that people tend to overestimate their probability of being infected (see Anglewicz and Kohler,
2009). At the population level, it is estimated that 18.1% of US HIV cases are undiagnosed.
This number masks considerable variation across age groups, genders and ethnicity, ranging
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Formally, symptoms are subjective, while signs are objective evidence of infection. In the present analysis,
individuals are assumed to have no advantage over others in terms of assessing their actual infection status and
hence an individual will have symptoms of infection if and only if it has signs of infection. The two terms are
therefore interchangeable and I will therefore use the former throughout.
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Figure 1: Timeline for the Man’s and the Woman’s Time of Infection and Onset of Symptoms.

from 10.6% for 55-64 year olds, to a whopping 59.5% for 13-24 year olds (see CDC, 2010).
Data for the UK indicates that 24% of HIV cases are undiagnosed (see HPA, 2012).
In this paper, a simple model is presented in which individuals learn about their own
and their partner’s infection state by observing noisy information about these (i.e. they may
observe symptoms if either or both individuals are infected). Furthermore, they decide whether
to engage in protected or in unprotected sex. Learning and equilibrium decisions are shown to
interact in interesting ways.
1.1. Symptoms and Inference. To appreciate the complexities involved in asymptomatic
infection, consider the situation depicted in Figure 1. Assume that the latency period is
negligible (i.e. that the time between infection and the onset of the disease is very short) and
assume that the disease has a random incubation period (i.e. that the time between infection
and the onset of symptoms is positive but random). The upper time line in Figure 1 shows
the woman’s date of infection and the subsequent onset date (i.e. the date at which symptoms
appear). The lower time line shows the infection and onset dates for the man. By the nature of
the problem, individuals would like to base their decisions on whether to engage in unprotected
sex on the possible infection dates, but they cannot do so as they are not observed. At most,
the individuals observe the onset dates and must use these (if available) to make inferences on
which to base their decisions. From the perspective of the man in the example, the absence of
symptoms in the woman does not imply the absence of infection, since he cannot distinguish
between a susceptible and an infected but asymptomatic partner. Similarly, in this example,
the woman shows symptoms before the man does. This raises the question as to whether the
woman has been infected (exogenously) at a prior point in time, or she has become infected
by the infected but still asymptomatic man (as is the case in the …gure). One can therefore
not conclude from the fact that the woman is the …rst to display symptoms, that she was the
source of infection (or indeed that the man is infected at all). As each individual in the couple
makes decisions on protected versus unprotected sex on the basis of the transmission risks, a
key component of the individual’s decision problem is to form beliefs about these.
1.2. Beliefs and Decisions. It is well documented that beliefs about the infection state
of individuals and their partners interact in important ways with sexual behavior (see e.g.
Akwara, 2003, Anglewicz and Kohler, 2009 and De Paula et al. 2013). The patterns of
both sexual encounters and the use of condoms and other means to reduce the risk of disease
transmission, are incredibly varied across populations, re‡ecting both di¤erences in cultures,
customs and faiths and di¤erences in the costs of disease prevention and in the disease burden.
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While it is thus di¢ cult to generalize, it seems clear that substantial (double digit) proportions
of individuals in long-term relationships either use condoms regularly, never use condoms or
use condoms irregularly (see Williamson et al., 2006, Ellard, 2007 and Delva et al., 2013).
Research has also shown that couples switch between protected and unprotected sex over the
course of a relationship (see Fortenberry et al., 2002). To make progress in understanding such
patterns of sexual decision making and to determine their interactions with aggregate disease
dynamics, belief formation must thus be properly understood.
Existing contributions to the literature have taken a variety of approaches to beliefs. Philipson and Posner (1993) use a mean …eld approximation to both sides of a sexual encounter. This
means in e¤ect that not only does an individual believe its partner to be representative of the
population, but it believes itself to be likewise representative (and implicitly, to ignore its
own personal history of sexual decision making). With this assumption, the beliefs of the
two individuals about themselves and each other are determined by aggregate characteristics.
Greenwood et al. (2013) allow for updating about one’s own health, but use mean …eld approximations for the di¤erent classes of potential partners (namely those seeking short-term
unprotected sex, short-term protected sex and long-term unprotected sex). In their analysis,
short-term sex (whether unprotected or protected) is always random, anonymous and one-o¤.
While they do allow for long-term relationships, within such, individuals make no decisions and
hence updating is incidental.2 Hsu and Hsieh (2007) also use mean …eld approximations for
all individuals in a classical compartmental model augmented with asymptomatically infected
individuals, but they disregard decision making altogether and is thus not comparable to the
present work. Similarly, Fisman et al. (2013) study the role of asymptomatic infection, but
disregard both decision making and beliefs.
It should be emphasized that most (but not all) dynamic models of decision making under the threat of infection require some belief formation. This is particularly so with models
of vaccination and treatment (see e.g. Geo¤ard and Philipson, 1997, Auld, 2003, Toxvaerd,
2012 and references therein). The important di¤erence between that strand of literature and
the work presented here, is that individuals form beliefs about aggregates, rather than about
speci…c potential partners.3 The assumptions maintained in those papers amount to very special implicit assumptions about interaction patterns in the population, which will be discussed
further below.
Last, there is a connection between this paper and the testing literature, but I will postpone
a discussion of this link to the Conclusion.

1.3. Contact, Interaction and Transmission. The probability of disease transmission
during an act of unprotected sex between two individuals, is a function of the serostatus of the
two individuals. In particular, no transmission is possible when the couple is seroconcordant
(i.e. they share infection state), while it is possible when they are serodiscordant. Since
infection is potentially present without any evident symptoms, the individuals must form beliefs
about each other’s (and indeed their own) infection state. The probability that the couple is
serodiscordant (and thus that disease is potentially transmitted) is given by the transmissive
2

Long-term relationships are assumed to be exogenously terminated if either partner shows symptoms of
infection.
3
In most of the existing literature, it is assumed that even though the health status of a given individual
may evolve stochastically over time, there is no aggregate uncertainty. This implies that individuals’ beliefs
about aggregate disease prevalence are in fact always correct. An exception is the work by Chen (2009) in
which individuals form beliefs about aggregate disease prevalence from observations of some (but not all) other
individuals’health states.
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contact rate
1 p1 p4
= p2 + p3

(1)
(2)

where p1 is the probability that neither individual is infected, p4 is the probability that both
are infected, p2 is the probability that only the man is infected, while p3 is the probability
that only the woman is infected.4 For transmission probability 2 [0; 1], this gives rise to
the e¤ective contact rate , as long as the individuals decide to engage in unprotected sexual
behavior. The equations (1)-(2) allow me to touch upon three issues that will become central
to the analysis that follows.
First, note that the potential for transmission in a given coupling is directly related to
the degree of serodiscordance and not necessarily to the individual infection probabilities of
the individuals (i.e. to the marginal probabilities that the man and the woman are infected,
pM and pW , respectively). Second, and related to the …rst point, is the observation that
the correlation between the individuals’health states is a central measure to gauge potential
disease transmission. Importantly though, the extent to which individuals’infection states are
correlated is itself endogenous. There are two separate ways in which individuals’health can
be dependent, namely through serosorting (i.e. through endogenous matching patterns) and
through repeated interactions with the same partner(s). The former possibility is considered
in Matthies and Toxvaerd (2015), while the latter possibility is considered with in the present
paper. When two (or more) partners interact repeatedly over time, the infection probabilities
will coevolve in interesting ways. The determination of this kind of coevolution is the main
focus of this paper. Third, as equation (2) makes clear, to the extent that individuals are mainly
interested in avoiding that they themselves become infected, their decisions will generally di¤er
from those of a social planner who is concerned with the e¤ective contact rate .
Fourth, note that equations (1)-(2) are relevant only under unprotected sex, which may itself
be the outcome of rational decision making. In other words, just because two individuals meet
(or are matched), that does not imply that they will necessarily engage in unprotected sexual
behavior. Philipson and Posner (1993) explicitly make the important distinction between random matching and random interaction. Most contributions to the literature, particularly those
in the purely epidemiological tradition, treat the two notions interchangeably, by essentially
assuming that two randomly matched individuals necessarily engage in unprotected behavior.
This is the implicit assumption in most economic models of infectious disease, where disease
incidence is taken to equal some analog of the transmissive contact rate .
The bene…t of such an approach is that the individuals’ belief formation is particularly
simple, as it is about aggregate proportions only. The drawback of this approach is that
it makes a number of implicit assumptions that may be unintended and very special. In
particular, it amounts to assuming that sexual relations are always (i) with random individuals,
(ii) anonymous, (iii) one-o¤ and (iv) unprotected. Thus tractability may come at a substantial
price in terms of assumptions. The present paper thus has an advantage over most existing
work, in that it makes none of these assumptions and may thus be seen as more realistic.
On the other hand, it is less straightforward to aggregate the analysis to the population level
in a tractable manner. Thus providing a satisfactory micro-foundation for the evolution of
sexual decision making that relies on acceptable assumptions about the character of sexual
4

To appreciate the parallels to the classical SI model with homogeneous mixing, consider picking two individuals independently from a large homogeneous population. Each such individual will be infected or susceptible
with probabilities I and (1 I) respectively, where I 2 [0; 1] is the prevalence of infection in the population.
The probability that such a match is serodiscordant is I(1 I) + (1 I)I = 1 (1 I)2 I 2 , which is the
analog of the transmissive contact rate between two individuals in the present setting in the special case where
p2 + p4 = p3 + p4 = I. This is the special case considered by Philipson and Posner (1993, p. 49).

Beliefs and Risky Behavior

5

interactions comes at the cost of complicating the extension to a population-level analysis.
Last, the fact that only serodiscordant relationships can transmit infection has lead to the
notion that individuals may engage in so-called serosorting, i.e. positive assortative matching
based on infection state (see e.g. Dow and Philipson, 1996, Philipson and Dow, 1998 and
Greenwood et al., 2013). As a policy to reduce infection, serosorting remains controversial,
as its e¤ectiveness relies on the ability of individuals to assess their own and their potential
partners’ infection states (see e.g. Stoner et al., 2003 and Eaton et al., 2009) and on the
absence of moral hazard (see Schroeder and Rojas, 2002).5 Issues of risk attitudes, asymmetric
information and matching are treated by Matthies and Toxvaerd (2015).
1.4. Overview of the Analysis. In this paper, I analyze the interdependent dynamics of
beliefs over health states and the decision of whether to engage in unprotected sex, mainly in
the context of a monogamous long-term relationship. In each period, each individual observes
whether it or the partner shows any symptoms of the disease and updates beliefs in standard
Bayesian fashion. Responding to these beliefs, the individuals then decide on whether to engage
in transmissive (i.e. unprotected) behavior or protected behavior. While beliefs determine
the sexual behavior of the couple, their decisions also in‡uence their beliefs, since the choice
between protected and unprotected sex determines whether an additional instance of exposure
(and hence possible transmission of the pathogen) occurs.
The analysis focuses on four main themes. First, sexual decision making and belief formation has interesting interactions over time, which are time dependent. I show that when
the couple engage in unprotected sex and observe no symptoms, each individual’s infection
probability can be non-monotone over time, …rst increasing and then decreasing. The reason
for this phenomenon is that unprotected sex increases the correlation between the individuals’
health states.
Second, I extend the analysis to concurrent partnerships. I show that when individuals
have multiple concurrent relationships, the con…guration of links between individuals matters.
Furthermore, concurrency can induce multiple switches in sexual decisions even when no new
symptoms of infection are observed.
Third, I show that when unprotected sex is voluntary, then the equilibrium amount of
unprotected sex is lower than the amount chosen by a utilitarian social planner. The reasons is
that when there is no coercion, the most at-risk individual is pivotal and may choose to block
an unprotected relationship, even if engaging in it would maximize the aggregate welfare of the
couple.
Last, I show that when unprotected sex is voluntary and individuals are altruistic (i.e. they
take their partner’s welfare into account), then there is more unprotected sex and infection
than in the equilibrium with sel…sh preferences. I show that the outcomes under altruism
nest those preferred by a Rawlsian and a utilitarian social planner, respectively. I furthermore
show that the latter outcome can be achieved in a decentralized equilibrium, once transfers are
introduced. I complete the analysis by considering the e¤ects of self-abnegating preferences
and the problem of determining the origins of the infection.
In Section 2, I set out the basic model. In Section 3, I take beliefs as given and derive the
privately optimal decisions for the individuals. In Section 4, I analyze the dynamics of beliefs,
given decisions by the individuals. In Section 5, I combine the results from the preceding
sections to fully characterize the equilibrium dynamics of the model. In Section 6, I consider
the possibility of concurrent relationships. In Section 7, I analyze welfare issues, the e¤ects of
transfers and extensions to altruistic and self-abnegating preferences, respectively. In Section
5

That serosorting is imperfect is noted by Avery et al. (2001), who state that “Frequently [...] risk imposition
is not symmetric. A speeding or drunk driver does not drive along roads populated with like drivers, just as the
person with a cold does not wander around in a world of cold su¤ erers”.
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8, I conclude and discuss several interesting extensions of the analysis. In the Appendix,
I address the question of the most likely path and the identity of the index case (i.e. the
problem of …nding the most likely source of the infection). In the Appendix, I also outline
several extensions of the basic model.
2. The Model
The basic building block of the model is a multi-period version of the framework introduced
by Philipson and Posner (1993). Consider a monogamous couple (M; W ) which in each period
t = 1; 2; ::: engage in sexual relations.6 While each individual in the couple derives utility from
unprotected (or transmissive) sexual behavior, they also face the possibility that either or both
can become infected with a sexually transmitted disease, such as HIV. At each encounter, the
individuals must thus trade o¤ the pleasure of unprotected behavior against the risks of being
infected by the partner.
The infectious disease is possibly asymptomatic. For simplicity, I assume that an infected
individual will show (publicly observable) symptoms with probability 2 [0; 1] in each period.
Once infected, an individual remains infected (and infectious) in perpetuity. This is therefore a
model in the susceptible-infected class (aka SI or as the simple epidemic). Similarly, if symptoms
appear, the individual is known with certainty to be infected.
To formalize the tradeo¤s facing the two individuals, let net utility from unprotected sex
for individual i = M; W be given by the reduced-form function7
Ui (rij )

1

rij

(3)

where the transmission risk rij is the joint probability that i is susceptible and that the partner
j 6= i is infectious. The parameter 2 [0; 1] is the infectiousness of the disease and > 0 is
the utility cost of becoming infected. In the special case where the infection states of the two
individuals are independent, the transmission risk from individual j to individual i is given by
rij = pj (1 pi ). Note that for simplicity, it is assumed that unprotected sexual contact is the
only possible source of infection.8 This formulation of preferences is the simplest possible that
makes the problem stationary.
The parameters ( ; ; ) are …xed throughout, while the probabilities rij and rji evolve
endogenously over time. The parameters ( ; ) enter directly into the individuals’ utility
functions, while the parameters ( ; ) in‡uence how the individuals’beliefs evolve. To make
the problem interesting, I impose the following:
Assumption 1.

> 1.

This assumption ensures that Ui (1) < 0, i.e. that an individual who is known to be
susceptible, would never choose to engage in unprotected sex with an individual who is known
6
While the labels M and W are chosen to connote a heterosexual couple, this is only to …x ideas. The model
is perfectly general and also applies to homosexual couples.
7
The reduced form net utility from unprotected sex, can be micro founded as follows. Assume that the gross
utility of a potentially susceptible individual i = M; W from unprotected sex is UiR
A B R rij for some
A; B > 0 and let the utility from protected sex be UiS
C B S rij , where S 2 [0; R ] is the probability
that protection fails and R > 0 is the probability of transmission when no protection is used. This gives rise
to the net utility function
^i (rij ) U R U S = (A + C) ( R
U
S )rij B
i
i

^i (rij )=(A + C), de…ning
Normalizing so Ui (rij ) U
B=(A + C) and letting
R
S denote the increase
in transmission probability when shifting from protected to unprotected sex, yields the reduced form function
in the text. In the main analysis, I will assume that S = 0, but will consider the case S > 0 in Online
Appendix C.
8
Exogenous infection sources and imperfect protection is considered in Online Appendix C.
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to be infected. Since Ui (0) > 0, the decision of whether to demand protected sex, is a simple
function of the transmission risk that the individual faces. Throughout, I assume that the costs,
bene…ts and transmission probabilities are symmetric across individuals. This assumption is for
simplicity only and is inessential for the results in this paper. While unprotected sex potentially
results in disease transmission, it is assumed that protected sex o¤ers perfect protection.
Last, I assume that each individual behaves myopically, but only in the sense that it disregards the in‡uence of its decisions on its future beliefs (although can be interpreted as the
discounted future disutility of becoming infected).9 This type of assumption is commonplace
in the literature (see e.g. Kremer, 1996, Philipson and Posner, 1993, Brito et al., 1991 and
Kerwin, 2012) and very signi…cantly simpli…es the analysis. It amounts to the assumption that
the individuals do not engage in active experimentation in their choices of unprotected versus
protected behavior and that they in each period respond non-strategically to the current probabilities of becoming infected. While the simpli…cation to the analysis is obviously an attractive
feature, there are also good reasons to impose this assumption on purely behavioral grounds
(much like the assertion that few would experiment while playing Russian roulette). This type
of passive learning is considered in other contexts by e.g. Keller (2007) and references therein.
It should be emphasized that under perfect state information (which is the de facto assumption maintained in most of the literature), optimal period-by-period prevention decisions are
myopic. The reason is that the choice of whether to engage in protected sex today, does not
commit an individual to engage in protected sex tomorrow.10
3. Privately Optimal Decisions
In this section, I characterize the privately optimal responses of the two individuals, taking
as given their beliefs about transmission risks. The privately optimal choice for an individual
i = M; W in a given period t is given by
ait (rij ) =

1 if
0 if

Ui (rij ) > 0
Ui (rij ) 0

(4)

where 1 stands for unprotected sex, while 0 stands for protected sex. I assume for now that
there is no coercion and therefore the couple engages in protected sex if either (or both) prefer
to protect.11 The joint decision at time t is then given by
at (rij ; rji ) = minfait (rij ); ajt (rji )g

(5)

Thus sex is protected whenever minfait (rij ); ajt (rji )g = 0 and unprotected otherwise. Next,
de…ne the following indi¤erence curves:
IM
IW

f(rM W ; rW M ) 2 [0; 1]2 : UM (rM W ) = 0g
f(rM W ; rW M ) 2 [0; 1]2 : UW (rW M ) = 0g

(6)
(7)

The curves (IM ; IW ), plotted in (pM ; pW )-space in Figure 2, delineate the areas in which
each individual desires unprotected and protected sex, respectively.
Figure 2 has a number of interesting features. Consider for example the man’s decision
problem and assume for simplicity that the health states of the individuals are independent. In
9

When modeling preferences over health states when infection is (possibly) asymptomatic, one may think
of health as a credence good.
10
This should be contrasted to optimal vaccination and treatment decisions, which are necessarily forwardlooking. See Toxvaerd (2014) for further discussion of this point.
11
This is the assumption considered by Philipson and Posner (1993). In a later section, I analyze the problem
when transfers between individuals are allowed and when the social norm is that unanimity is not needed to
engage in unprotected sex.
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Figure 2: Optimal Decisions for Di¤erent Beliefs in (pM ; pW )-Space. Contiguous scenario in
left-hand side panel and non-contiguous scenario in right-hand side panel.

choosing whether to ask for protected or unprotected sex, the key statistic is the e¤ective transmission probability (1 pM )pW , rather than the probability pW that the woman is infected.
If pW is very small, then the probability that the pathogen will be transmitted is accordingly
small. Similarly, (1 pM ) captures the man’s expected susceptibility to infection. When this
is low, which happens when the probability pM that the man is already infected is high, then
the probability of transmission is also low. The right-hand side panel of Figure 2 illustrates
the case in which the area where both individuals prefer protected sex is empty. In conclusion,
in the …rst case, when both partners have su¢ ciently high or su¢ ciently low probability of
being infected, then the e¤ective transmission probability is low and both partners will opt for
unprotected sex. Otherwise, the couple will engage in protected sex. In the second case, there
is a band around the 45 -line in which both individuals prefer unprotected sex.
Figure 2 gives a complete description of the individuals’decisions in (pM ; pW )-space at a
given point in time. For later use, I introduce the following notation:
SM
SW
S
R

f(rM W ; rW M ) 2 [0; 1]2 : UM (rM W )
f(rM W ; rW M ) 2 [0; 1]2 : UW (rW M )
SM [ SW
f(rM W ; rW M ) 2 [0; 1]2 nSg

0g
0g

(8)
(9)
(10)
(11)

Thus SM and SW are the sets of beliefs under which the man and the woman desire protected
sex, respectively, and S is the set of beliefs under which the couple choose protected sex.12
The set R is the set of beliefs under which both partners desire unprotected sex. The two
scenarios illustrated in Figure 2 correspond to the scenarios in which the set S is contiguous
and non-contiguous, respectively (and I shall henceforth refer to the two scenarios as such).
Whether the relevant scenario is the contiguous or the non-contiguous one, depends on the
parameters ( ; ). The former scenario is more likely to obtain when the infectiousness or
the cost-bene…t ratio are su¢ ciently high (i.e. when the disease is very contagious or when
12

Formally, SM is the upper contour set of the man’s indi¤erence curve yielding zero net utility and SW is
similarly de…ned.
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Figure 3: Markov State Transitions. Left-hand side shows case of unprotected sex; right-hand
side shows case of protected sex.

the consequences of the disease are very severe).
In the general case in which the health states are dependent, the overall picture is the same
as that for the independent case (which is of course a special case), but the exact location of
the indi¤erence curves is parameterized by the correlation coe¢ cient. Since correlation will
change endogenously over time, the location of the indi¤erence curves will likewise change over
time, which will be explored in detail in what follows. In particular, as correlation increases, the
curves shift away from the diagonal so that the regime gradually shifts from the non-contiguous
one to the contiguous one. In the limit, as the health states of the individuals become very
positively correlated, the set S coincides with the space [0; 1]2 .
4. Filtering and Belief Dynamics
In this section, I describe the evolution of beliefs for a given set of decisions by the individuals.
While it may be tempting to characterize beliefs in terms of the infection probabilities of the
individuals, i.e. in (pM ; pW )-space, it turns out to be much more useful to work with the joint
distribution over the possible health states of the couple. To this end, I start by introducing
some notation.
Denote the set of possible states by
S = fs1 ; s2 ; s3 ; s4 g

(12)

s1 = (0; 0); s2 = (0; 1); s3 = (1; 0); s4 = (1; 1)

(13)

where
The …rst coordinate of a state is the infection state of M , while the second coordinate is the
infection state of W ; here 1 stands for infected and 0 stands for susceptible. Let the random
state at time t = 0; 1; ::: be denoted by Xt 2 S and denote a realization by xt .
Let the prior distribution over states be given by P (X0 ) = (p1 ; p2 ; p3 ; p4 ). The state transition matrix is given by
0
1
1
0
0
0
B 0 1
at 1
0
at 1 C
C
T (at 1 ) B
(14)
@ 0
0
1
a t 1 at 1 A
0
0
0
1
where entry ij denotes the probability that the system transitions from state i to state j and
at is the joint decision on the type of sex at time t. The state transition matrix under protected
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sex is simply the identity matrix.
It is immediately clear that under (perpetual) unprotected sex, the states fs1 ; s4 g are absorbing, while the states fs2 ; s3 g are transient. Under (perpetual) protected sex however, all
states are absorbing. Note also that under unprotected sex, transitions from the transient
states fs2 ; s3 g to s4 are Bernoulli trials with success parameter and thus the time to infection
(of the remaining susceptible individual) is geometrically distributed with mean time 1= .13
Similarly, the expected time to transition from asymptomatic to symptomatic for an infected
individual, is geometrically distributed with mean time 1= .
It should be noted that the Markov chain characterized by the transition matrix T (at 1 ) is
not irreducible and that it contains two closed classes, namely fs1 g and fs4 g. As a consequence,
the Markov chain does not have a unique invariant distribution, but three. For a …xed joint
decision a 2 f0; 1g, these are given by
(p1 ; (1

a)p2 ; (1

a)p3 ; a(p2 + p3 ) + p4 )

(15)

and the degenerate distributions (1; 0; 0; 0) and (0; 0; 0; 1).
Figure 3 illustrates the states and transitions for the two stationary Markov chains induced
by perpetual unprotected and protected sex, respectively. Note that for clarity, only state
transitions that have positive probability are indicated.
Although Figure 3 gives a complete description of the state transitions under the two possible kinds of sex, it is not helpful in describing the decision making process of the individuals,
since the states are not always observed directly. While there is an underlying process that
determines the evolution of the states over time (given the individuals’ decisions), all decision making is based on an observed process of possible symptoms, whose states depend on
the underlying process. Inference problems with this formal structure are known as Hidden
Markov Models (HMMs) and are commonplace in the literatures on speech processing and on
bioinformatics.14 An HMM is formally composed of a transition model and a sensor model.
The former is simply the underlying Markov chain described above. The latter is given by
a message space (or alphabet) and a set of (state dependent) emission probabilities. For the
current context, let the message space be given by
R = fr1 ; r2 ; r3 ; r4 g

(16)

r1 = (0; 0); r2 = (0; 1); r3 = (1; 0); r4 = (1; 1)

(17)

where
The …rst coordinate of a message is the symptom state of M , while the second coordinate is
the symptom state of W ; here 1 stands for symptomatic and 0 stands for asymptomatic. Let
the random message (or symptom observations) at time t = 0; 1; ::: be denoted by Yt 2 R and
denote a realization by yt . Last, the emission probabilities are given by the matrix
0
1
1
0
0
0
B 1
0
0 C
C
(18)
Q B
@ 1
0
0 A
(1
)2 (1
)
(1
) 2
where entry qij denotes the probability that the message yj is observed in state si .
To summarize, while utilities depend directly on the state sequence fXt g1
t=1 , while decisions
are made based on the symptom sequence fYt g1
.
Figure
4
illustrates
the
state transitions
t=1
13
14

Pinkerton and Abramson (1993) consider such a model, but disregard symptoms and beliefs.
See e.g. Rabiner (1989), Russell and Norvig (2003) or Fristedt et al. (2007) for more details.
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Figure 4: Unobservable State Transitions and Symptom Observations.

and the sequence of observed symptoms. The important simpli…cation of the HMM structure,
is that the state at any given time t, depends only on the state and decisions at time t 1 (and
not on states or symptom observations at previous times), while the symptom observations at
time t depend only on the state at time t (and not on states at times before time t).
The evolution of beliefs can be calculated recursively by the so-called forward equation,
given by
P
P (yt jXt ) xt 1 P (Xt jxt 1 )P (xt 1 jy1:t 1 )
P
(19a)
P (Xt jy1:t ) =
Xt P (yt jXt )P (Xt jy1:t 1 )
= Ot T 0 (at 1 )P (xt 1 jy1:t 1 )
(19b)
for t = 1; 2; :::, where y1:t
and

(y1 ; :::; yt ) denotes the observed messages in periods 1 through t
1
Xt P (yt jXt )P (Xt jy1:t 1 )

P

(20)

is a normalizing constant. The observation matrix Ot is a 4 4 diagonal matrix whose diagonal
elements are the elements of the relevant column of the matrix Q (i.e. the column that is
relevant given the current symptom observations) and which has zeros everywhere else.
To understand the characterization of belief dynamics below, it is instructive to interpret
the forward equation. The formation of beliefs can be decomposed into two steps, namely
prediction and updating.
The prediction step is simply the propagation of previous period’s beliefs, according to the
underlying Markov chain. Speci…cally, this step is given by
X
P (Xt jy1:t 1 ) =
P (Xt jxt 1 )P (xt 1 jy1:t 1 )
(21)
xt

1

Next, the updating step takes this prediction and updates it according to Bayes’rule, in light
of the new symptom observations. Speci…cally, this step is given by
P (yt jXt )P (Xt jy1:t 1 )
Xt P (yt jXt )P (Xt jy1:t 1 )

P (Xt jy1:t ) = P

(22)

Combining the prediction step and the updating step, one readily obtains the forward equation.
It is sometimes more informative to consider the posterior state probabilities individually; these
are therefore listed in Online Appendix A.
To build intuition, it is useful to consider two special cases of the forward equation that
are readily understood, namely the case where = 0 and 2 (0; 1) and the case = 0 and
2 (0; 1). In the former case, the prediction step is based on the identity matrix and hence
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Figure 5: State Probabilities, Marginals, Covariance and Correlation Without Symptoms.

the state does not change over time. Thus, the forward equation reduces to Bayes’rule, which
gives the posterior distribution over states (between which there are no transitions), given the
history of observed signals. In the latter case, the prediction step is based on the transition
matrix T and no symptom observations are ever made or used in updating. To update beliefs,
one simply propagates the Markov process blindly, i.e. without the use of observations. In
other words, beliefs are based entirely on the transition model and no use is made of the sensor
model. Away from these extreme cases, when ; 2 (0; 1), the forward equation nests these
two di¤erent forecasting rules.
As an alternative to the Markov chain representation of beliefs, one can consider the health
state of each individual as a Bernoulli random variable and hence describe beliefs as a partially
observable bivariate Bernoulli process. Denote the health state of i = M; W by Hi 2 f0; 1g,
with typical element hi . It is straightforward to show that
cov(HM ; HW ) = p1 p4

p2 p3

covM W

(23)

The covariance takes values in the interval [ 1=4; 1=4]. In turn, the correlation is given by
MW

p1 p4

=p

p2 p3

(p1 + p2 )(p1 + p3 )(p4 + p2 )(p4 + p3 )

(24)

which takes values in the interval [ 1; 1]. In the next subsection, I will explain how beliefs can
be characterized in (pM ; pW )-space. For this purpose, it is essential to appreciate exactly how
the health states of the two individuals covary and how the covariance changes over time.
Figure 5 illustrates the evolution of beliefs under unprotected sex when no symptoms are
observed, for the special case = 0:06 and = 0:025. This is the parameterization used by
Greenwood et al. (2013) in their calibration. The …gure indicates the interesting result that
for empirically plausible values of the parameters, beliefs can be non-monotone over time, even

Beliefs and Risky Behavior

13

without the individuals observing symptoms or switching away from unprotected sex. The
reason for this result will be made clear shortly.
The upper left-hand side panel of Figure 5 shows the evolution over time of the state
probabilities (p1 ; p2 ; p3 ; p4 ). I have chosen di¤erent initial conditions for p2 and p3 , so that
their curves do not overlap. There are several interesting features worth mentioning. First,
the probabilities that only one but not the other individual is infected, i.e. p2 and p3 , are
strictly decreasing over time, approaching zero. Second, the probability p1 that neither is
infected, increases over time, approaching one. Last, the probability p4 that both are infected,
is hump-shaped. The upper right-hand side panel shows the marginal probabilities that the
two individuals are infected, i.e. pM and pW , respectively. Again, these probabilities are hump
shaped, which follows from the fact that pM = p3 + p4 and pW = p2 + p4 . In other words,
the non-monotonicity in the marginal infection probabilities stems from the behavior in the
state probability p4 that both individuals are infected and not from the probabilities p2 and
p3 that either individual is infected on its own. The lower left-hand side panel shows the
covariance between the health states of the two individuals, which …rst increases and then
decreases. The lower right-hand side panel shows the correlation between the health states
of the two individuals. As can be seen from the …gure, the correlation strictly increases over
time, tending to one. It is also the case that over time, if no symptoms are observed, then the
individuals’ health states become increasingly correlated even under protected sex. But the
rate at which the correlation increases in this case, is lower than the rate under unprotected
sex.
At …rst blush, it is perhaps counter-intuitive that beliefs can be increasing over time even
though no symptoms have been observed. It is therefore appropriate to emphasize the reasons
behind this …nding, which are found in the prediction and updating steps described above.
When calculating the probability of the individuals being asymptomatically infected, note that
the prediction step is based on T (at 1 ), which is a function of whether unprotected or protected
sex is engaged in. During the prediction step, the “interim posterior”, i.e. the probability
assigned to the event that the individual is infected, but before additional information has been
observed, is weakly higher than the prior probability assigned to that event. In case of protected
sex, it is in fact unchanged, while under unprotected sex, it is weakly higher because either the
individual is already infected or he or she now becomes infected with positive probability.
Turning to the updating step, consider …rst the case in which the individual had protected
sex. In this case, the fact that no symptoms were observed means that the posterior probability
of being asymptomatically infected must be lower than the prior. This is because there has been
no additional exposure, but the individual has received an encouraging signal that he or she is
not infected. Things are more complicated if the individual engaged in unprotected sex. In this
case, the interim posterior may be higher than the prior, but the fact that no symptoms have
been observed, acts to decrease the probability assigned to asymptomatic infection, from the
benchmark of the interim posterior. Thus the posterior belief weighs the increase in probability
assigned to asymptomatic infection caused by unprotected sex, against the decrease caused by
the absence of symptoms. The net e¤ect depends on the prior beliefs over the two individuals’
health states and on the transmission and precision parameters ( ; ).
An alternative way to understand the non-monotonicity, is to note that there can never be
any transitions into states fs1 ; s2 ; s3 g. This means in particular that as long as no symptoms
are observed, the probability of these states are monotone. As a lack of symptoms is (imperfect)
evidence of the absence of infection, the probability of state s1 is monotone increasing while
the probabilities of states s2 and s3 are monotone decreasing. Turning to state s4 , things are
somewhat di¤erent, because there can be transitions into this state from states fs2 ; s3 g. While
it remains true that a lack of symptoms is evidence of an absence of infection, this must be
traded o¤ against the possibility of a transition to infection. These ideas are most clearly seen

14

F. Toxvaerd

in the expressions listed in Online Appendix A.
In short, at early stages of the relationship, additional exposure increases the probabilities that the individuals are infected, despite no symptoms being observed. As time passes,
the health states become increasingly correlated, leading to infection probabilities eventually
declining (as long as no symptoms are observed).
If the individuals’ health states are perfectly correlated, beliefs must be on the diagonal
in (pM ; pW )-space and the only remaining uncertainty is whether they are both infected or
both susceptible. In fact, the sum p2 + p3 is the probability assigned to the couple being
serodiscordant, while the sum p1 + p4 is the probability that they are seroconcordant. When
correlation is perfect, each individual gets two signals about its own health state in each period
(and hence learns very fast), irrespective of the choice over protection. But they can clearly
also be on the diagonal without being correlated.
4.1. Tracking Beliefs in (pM ; pW )-Space. When characterizing the privately optimal decisions of the individuals, I did so in (pM ; pW )-space, while I moved to (p1 ; p2 ; p3 ; p4 )-space in
order to characterize beliefs. In this section, I will recast the characterization of beliefs in
(pM ; pW )-space and draw out some of the complications involved in doing so.
Suppose that both partners are asymptomatic and engage in continual unprotected sex.
Also, start by considering the special case in which the two individuals’ health states are
independent. It is useful to …x ideas by considering the inference problem at time t = 1. In
this period, the prior distribution over states is given by
(p1 ; p2 ; p3 ; p4 ) = ((1

pM )(1

pW ); (1

pM )pW ; pM (1

pW ); pM pW )

(25)

That is, before the two individuals have engaged in unprotected behavior, their health states
are completely independent. But once they have engaged in unprotected sex (but are still
asymptomatic), what can one say about their posterior beliefs (p0M ; p0W ) compared to their
priors (pM ; pW )? It turns out that there is a simple way of characterizing the change in beliefs
after this …rst unprotected encounter. Speci…cally, for any pair ( ; ), there exists a pair of
increasing functions JM and JW in (pM ; pW )-space de…ned by
JM
JW

f(rM W ; rW M ) 2 [0; 1]2 : pM = p0M g
f(rM W ; rW M ) 2 [0; 1]2 : pW = p0W g

(26)
(27)

where the posterior infection probabilities, conditional on both individuals being asymptomatic,
are given by
p0M
p0W

P (Xt = x3 jyt = r1 ) + P (Xt = x4 jyt = r1 )
P (Xt = x2 jyt = r1 ) + P (Xt = x4 jyt = r1 )

(28)
(29)

Along these iso-belief curves, the probabilities that the individuals are infected but asymptomatic remain unchanged from one period to the next.
The curves (JM ; JW ), plotted in (pM ; pW )-space in Figure 6, delineate the areas in which
each posterior infection probability is higher (respectively lower) than the prior probability, as
a function of the prior probability assigned to the partner being infected (but asymptomatic).
The functional forms of the iso-belief curves JM and JW given by the two equations
pM (1 + (1
))
pM + (1
)(1
+ 2pM )
pM (1
)2
=
(1 +
2pM
pM
+ 2pM

pW =
pW

(30)

2

)

(31)
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While the functions (JM ; JW ) are both increasing in (pM ; pW )-space, the magnitude of ( ; )
determine the location of the functions. Depending on parameters, there are three cases to
consider as follows:
Case A. JM

JW for all pM .

Case B. JM

JW for all pM .

Case C. JM

JW for pM

pe and JM

JW for pM

pe for some pe 2 [0; 1].

In Case C, the threshold pe is found as the interior element of the set fJM \JW g. Speci…cally,
it is given by
2 2 3 +
pe
(32)
2
2 2
2

The parameter constellations that give rise to the three cases are illustrated in ( ; )-space
in Figure 7. Case A obtains for >> , while Case B obtains for > . Case C obtains for
> but with not too much larger than . Cases A and B are readily interpreted. When
>> , the probability of having been infected through unprotected sex, outweighs the fact
that no symptoms have been observed. Similarly, when > , the fact that there have been
no symptoms, weighs more than the fact that the couple have engaged in unprotected sex and
thus exposed themselves to the possibility of infection. Case C constitutes the hybrid case,
which is similar to Case A for high infection probabilities and similar to Case B for low infection
probabilities. It is interesting to note that the parameter estimates used by Greenwood et al.
(2013), belong to Case A in which beliefs are non-monotone.
Next, turn to some period t > 1. The inference problem faced in any such period is qualitatively di¤erent from the one faced at t = 1, even controlling for the prior infection probabilities.
The reason is that over time, the two individuals’health states become increasingly correlated.
That is, after the …rst period with unprotected sex, it is no longer legitimate to treat them as
independent. While the covariance may be non-monotone, the correlation is always monotone
(increasing) in the number of unprotected contacts.
It turns out that when the correlation between the individuals’health states is increased,
the iso-belief curves JM and JW shift in a north-west and south-east direction, respectively.
This means that irrespective of the initial regime, over time the movement is always in the
direction of Case A, i.e. the case in which the beliefs are decreasing when no symptoms are
observed, even when individuals engage in unprotected sex.15 In a sense, increased correlation
works in a similar way as an increase in the signal precision . This is not a coincidence. When
the health states are completely independent, each symptom observation is informative only
about the health state of the given individual. As health states become more correlated, each
signal becomes more informative about both health states and the individuals therefore receive
more precise information in each period. In the limit, as the health states become perfectly
correlated, the individuals receive two signals about the (common) health state each period.
This corresponds qualitatively to an increase in signal precision .
Having derived both the indi¤erence curves IM and IW and the iso-belief curves JM and
JW , it is tempting to seek to determine the equilibrium dynamics by superimposing the curves
and tracking beliefs and decisions in (pM ; pW )-space. The di¤erent possible cases are illustrated
in Figure 16 in Online Appendix D, which is a snapshot at a given point in time and assumes
that the health states of the individuals are independent (i.e. they are independently drawn
and that the individuals are at the start of their relationship). It is clear from the …gure that
15

For completeness, it should be noted that when starting in Case B, increasing the correlation moves the
iso-belief curves towards something resembling Case C, but where the lower intersection may be at positive
probabilities rather than at the origin, as is the case when the health states are independent.
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Figure 6: Belief Dynamics Under Risky and Safe Sex in (pM ; pW )-Space. Upper left-hand side
panel is Case A, where JM
JW . Upper right-hand side panel is Case B, where JM
JW .
Lower left-hand side panel is Case C, where JM
JW for pM
pe and JM
JW for pM
pe.
Lower right-hand side panel shows belief dynamics under safe sex.
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Figure 7: Parameter Constellations for Cases A, B and C in ( ; )-Space.

there is a great many cases to consider, even in the …rst period when the health states of
the individuals are independent. As time passes and the health states become increasingly
correlated, all the curves move around at di¤erent speeds. This fact makes it very complicated
to work directly in (pM ; pW )-space.

5.

Equilibrium Decisions and Paths

In the previous sections, I have determined how decisions are made for given beliefs and characterized how beliefs evolve for given decisions. I now combine these results to characterize the
equilibrium dynamics of decisions and beliefs.
De…ne the critical threshold p 2 [0; 1] at which Ui (p) = 0. It is given by
p

(

)

1

(33)

<1

In what follows, it is important to note that rM W = p2 and rW M = p3 . That is, the transmission
risk faced by an individual, equals the joint probability that the individual is susceptible and
that the partner is infected. I next consider the individuals’privately optimal decision rules.
They can be expressed as
aM (rM W ) =

1 if
0 if

p2 < p
p2 p

(34)

aW (rW M ) =

1 if
0 if

p3 < p
p3 p

(35)
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When the partner of an individual is known to be infected, the decision rules specialize to
aM (1

pM ) =

1 if
0 if

pM > 1
pM 1

p
p

(36)

aW (1

pW ) =

1 if
0 if

pW > 1
pW 1

p
p

(37)

The probability of being in states s2 and s3 , respectively, decrease over time when no symptoms
are observed.16 These are the state probabilities that matter for the individuals’ decision
making. Thus, if the individuals start by engaging in unprotected sex, they will never switch
away from doing so, unless symptoms appear in one or the other individual (but not if symptoms
are simultaneously observed in both).
Because it has been assumed that there is no coercion, it is always the decision of the most
at-risk individual that determines the type of sex that the couple engages in. To see this, note
that Ui (rij ) > Uj (rji ) if an only if rji rij . In other words, the individual facing the highest
transmission risk, will have the lowest propensity to engage in unprotected behavior. Suppose
that rM W
rW M . It then follows from (28) and (29) that pM pW and furthermore, as long
as no symptoms are observed, the posterior beliefs will be such that p0M
p0W . Therefore, it
is always the lowest probability individual that is pivotal and hence one can trace the couple’s
joint decisions by determining the decisions of that individual.17 The observation that the most
at-risk individual is always pivotal for the decision to engage in unprotected sex, means that
the game can be treated as a single-player Markov decision process.
I can now state the following characterization of equilibrium behavior:
Theorem 1. The equilibrium decisions and paths are as follows:
(i) For all t = 1; 2; ::: such that yt = r1 ,
at =

1 if
0 if

maxfp2 ; p3 g < p
maxfp2 ; p3 g p

(38)

Along such a path, there can be at most one switch in actions from at = 0 to at = 1, which
follows from the observation that p2 and p3 are decreasing over time as long as yt = r1 is
observed. Along such a path, beliefs converge to (1; 0; 0; 0).
(ii) For some s = 1; 2; ::: such that ys = r2 ; r3 ,
at =

1 if
0 if

minfpM ; pW g > 1
minfpM ; pW g 1

p
p

(39)

for all t > s. As long as no further symptoms are observed, there are no switches in actions
and beliefs converge to either (0; 1; 0; 0) or (0; 0; 1; 0) (depending on which individual showed
symptoms at time s).
(iii) For some s = 1; 2; ::: such that ys = r4 , at = 1 for all t > s and beliefs remain at (0; 0; 0; 1).
16

In general, the joint probabilities (rij ; rji ) determine the transmission probabilities between two individuals.
Under a long-term monogamous relationship, these are necessarily decreasing in time as long as no symptoms
are observed. The reason is that no individual can be the source of their own infection. This means that as the
probability that the partner was infected from the outset decreases, so must the probability that this partner
has transmitted his infection during unprotected sex. When one allows for concurrent relationships, this is no
longer the case.
17
This feature follows from the symmetry that the parameter is common to the individuals. If one party is
intrinsically more susceptible than the other (as is the case with women versus men), then the individual with
the highest infection probability, need not be the individual who is least at risk of infection from unprotected
sex.
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In words, the results can be understood as follows. In situations in which both individuals
display symptoms, there is no need for any protection as there can be no disease transmission
between seroconcordant individuals. The beliefs will in this case remain at (0; 0; 0; 1) indefinitely. On the other hand, when no symptoms have been observed, then the joint decision
will follow that of the most at-risk individual. If this individual is su¢ ciently con…dent that
the transmission risk is low (which will be the case after a su¢ ciently long period without
symptoms), then he will agree to engage in unprotected sex. Otherwise, he will insist on
protection until beliefs about transmission risks have decreased su¢ ciently to justify a switch
to unprotected sex. In either case, if no further symptoms are observed, beliefs converge to
(1; 0; 0; 0).
Last, consider the problem of a man whose partner has just become symptomatic. For this
individual, the problem is particularly simple. Since the woman is assumed to be symptomatic,
as long as the man is asymptomatic, any remaining dynamics take place on the upper edge in
(pM ; pW )-space. The only question for the man is therefore to determine the location of his
posterior P (Xt = s4 jyt = r2 ) vis-à-vis the iso-belief curve JM . For posteriors P (Xt = s4 jyt =
r2 ) > 1 p, beliefs are in the set R and the man will therefore …nd it optimal to engage in
unprotected sex from then on, even without having himself shown any symptoms of infection.
As argued above, under continual unprotected sex with an infected partner, the probability
of being infected increases over time, tending to one. Thus in the limit, both individuals are
infected and the system is absorbed in state s4 . For posteriors P (Xt = s4 jyt = r2 )
1 p,
beliefs are in the set SM and therefore the man will …nd it optimal to insist on protected sex
from that point onward. This means that he will no longer be exposed to new infection. As
a consequence, as long as he remains asymptomatic, his probability of being infected tends
to zero. If the man is indeed infected, then he will eventually become symptomatic too and
the beliefs will jump to the absorbing state (0; 0; 0; 1). If on the other hand he is in fact
not infected, then over time, the beliefs will tend to the point (0; 1; 0; 0) and the couple will
continue to engage in protected sex only. From this case, it is immediately clear that there
is path dependence, in the sense that the state of beliefs at the time that symptoms appear,
determine the subsequent evolution of decisions and beliefs. In state s4 , the only possible
steady state is (0; 0; 0; 1). In states s2 and s3 , (0; 0; 0; 1) is a feasible stable steady state, as are
the additional points (0; 1; 0; 0) and (0; 0; 1; 0), respectively.
In this model, learning is always complete, in the sense that beliefs always converge to
the true state of the world (which is itself endogenously determined). The reason is that any
infected individual will eventually display symptoms (and beliefs will re‡ect this perfectly).
The asymptomatic partner of a symptomatic individual will either engage in unprotected sex
or in protected sex, in perpetuity. In the former case, the asymptomatic partner will become
infected and symptomatic in the limit. In the latter case, the asymptomatic partner will
eventually show symptoms (in case he or she is in fact infected) or never show symptoms, in
which case the probability that this individual is infected will approach zero.
For comparison, the long-term beliefs in the absence of the observation process are given
as a corollary:
Corollary 2. When no symptoms are available, the equilibrium decisions and paths are as
follows:
(i) If maxfp2 ; p3 g < p, then at = 1 for all t = 1; 2; ::: and beliefs converge to (p1 ; 0; 0; p2 +p3 +p4 ).
(ii) If maxfp2 ; p3 g p, then at = 0 for all t = 1; 2; ::: and beliefs remain at (p1 ; p2 ; p3 ; p4 ).
This result follows from Theorem 1 and the invariant distribution in (15).
5.1. A Brief Return to (pM ; pW )-Space. It is worthwhile retuning to (pM ; pW )-space
to appreciate the complications involved in working there, rather than in (p1 ; p2 ; p3 ; p4 )-space.
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Consider a parameter constellation in Case A in the contiguous scenario, illustrated in the
left-hand side panel of Figure 8. Suppose initial beliefs are at a point a on the diagonal. With
these beliefs, the individuals will choose to engage in unprotected sex and if they observe no
symptoms, the beliefs will increase in the subsequent period(s). As the individuals engage
in unprotected sex, their health states become increasingly correlated, causing two separate
e¤ects. On the one hand, the iso-belief curves start shifting towards Case C and eventually
towards Case B. This means that if no symptoms are observed, beliefs will decrease towards a
point like b and then onwards to a point like c. On the other hand, the increase in correlation
causes a shift in the indi¤erence curves away from the diagonal. In other words, the scenario
moves from the contiguous one to the non-contiguous one. The important question that arises
is whether, starting at a point a 2 R, beliefs can converge to a point b 2 S and on to a
point c 2 R. If this were possible, it would imply that on an equilibrium path on which no
symptoms are observed, individuals would switch from unprotected to protected sex and then
switch back to unprotected sex. The answer to this question depends on the strength of the
two e¤ects, i.e. on the relative speeds at which the indi¤erence curves and the iso-belief curves
move as correlation is increased. Using the Markov chain representation of the health states,
this question is readily settled. The answer is that such multiple switches cannot happen in
equilibrium. This would have been extremely di¢ cult to establish based on an analysis in
(pM ; pW )-space.
As noted earlier, when starting in Case A, initially the marginal infection probabilities of
the individuals increase as the individuals engage in unprotected sex. That is, even though
no symptoms have been observed in either individual, the initial probabilities assigned to the
risk of infection are su¢ cient to increase posterior beliefs of being infected. Over time though,
as no symptoms are observed, it becomes increasingly likely that neither individual is in fact
infected. At this stage, posteriors start decreasing despite there being additional exposure.
This e¤ect is captured in the increase in correlation depicted in Figure 5. This leads me to one
of the potential pitfalls of working in (pM ; pW )-space, namely the perverse e¤ects of overlooking
the fact that the health states of the individuals become increasingly correlated as time passes.
Such an oversight can lead to very misleading results. The right-hand side panel of Figure
8 shows the evolution of beliefs in Case A for di¤erent initial conditions, when no symptoms
are observed, but where posteriors are in each period calculated as if the health states are
independent (rather than correlated). As is clear from the …gure, in such a scenario, beliefs
continue to increase and always converge to the point (1; 1) in (pM ; pW )-space. The reason for
this result is that when correlation is overlooked, there is a hall of mirrors e¤ect in which each
individual can be the “source of their own infection”. In other words, after every unprotected
encounter, each individual is more likely to be infected than before it (despite showing no
symptoms), thereby “increasing” the transmission risk of the partner in the next period in
the process. Of course, in reality no individual can in this setting be the source of their own
infection and so as times passes and no symptoms are observed, the individuals assign an
increasingly high probability to the event that neither is infected.18
The model in which individuals ignore the correlation of their health states, can be interpreted as a model of boundedly rational behavior, akin to the persuasion bias introduced by
DeMarzo et al. (2003). In that paper, individuals treat each informative signal they receive as
being independent information and do not consider the possibility that they may be correlated.

18

The exception to this, is so-called “ping pong infection”between individuals who can recover from infection,
only to be infected by a partner who they themselves have previously infected. But this is not possible in the
present setting, since infected individuals cannot recover.
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Figure 8: Complications and Pitfalls in (pM ; pW )-Space.

6. Concurrent Partnerships
The main focus of this paper, is that of a monogamous long-term relationship. This is a natural starting point and also a necessary building block for the analysis of more complex social
structures involving multiple interacting individuals. In practice, many individuals engage in
overlapping or concurrent partnerships, which by their very nature are more complicated to
analyze than the monogamous relationship considered here. There is a large epidemiological
literature on the e¤ects of concurrency on HIV propagation. While concurrency is very widespread, its e¤ects on the spread of HIV are still hotly debated (see e.g. Epstein and Morris,
2011). Both empirical and simulation studies make a convincing case that concurrent partnerships are a key ingredient in HIV transmission and they therefore deserve special attention.19
Some authors argue that concurrency may speed up the spread of infection in a network, but
these conclusions come with two important caveats. First, most such studies do not feature decision making. Introducing more channels of infection between individuals will trivially increase
the actual amount of infection, ceteris paribus, but rational decision making may counteract
such e¤ects.20 Second, the extent of disease transmission when there are overlapping partnerships, may depend on both endogenous link formation and on the number of sex acts that
each of the individuals allocate to each of their partners.21 While I will not do full justice to
these interesting issues, I will brie‡y outline some salient features that an extended analysis
will contain.
For simplicity, I will consider only the simplest extension of the model to include one new
individual, namely a lover L. I will consider two separate settings, corresponding to the two
possible non-trivial networks that can be formed with three individuals. In the …rst, the
woman is assumed to engage in concurrent relations with the man and the lover, forming a
line as indicated in the left-hand side panel of Figure 9. In the other case, all three individuals
maintain relations, forming a triangle as indicated in the right-hand side panel. This network
is not chosen because it represents a typical case of independent interest. Rather, it is chosen
19

Epstein and Morris (2011) state that “If a su¢ cient fraction of the population has long-term ongoing
relationships with more than one person, relatively stable connected sexual networks arise, in which each person’s
risk is determined not only by his (or her) own behaviour, but also by that of all the others in the network”.
20
This critique of biological epidemiology is articulated most explicitly by Geo¤ard and Philipson (1996).
21
See Moslonka-Lefebvre et al. (2012) for a micro-founded model of how sex acts are allocated across partners.
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Figure 9: Concurrent Relationships. In left-hand side panel, the woman has concurrent relations with the man and the lover (forming a line); in right-hand side panel, all three have a
concurrent relationship (forming a triangle).

because it is the simplest possible network that allows me to make a more general point. In
what follows, I will continue to assume that the situation is commonly known by everyone
involved.
First, consider the line network. It is important to note that by assumption, there can
only be direct disease transmission between the man and the woman and between the woman
and the lover, respectively. As the man and the lover do not maintain relations, any disease
transmission between these individuals must happen indirectly and in a subsequent period,
via the woman. Also, note that as the individuals are not forward-looking, the only thing
that matter for current decision making, are the current transmission risks. In particular, the
man will not base his decision on the contemporaneous decisions that the woman and the
lover make in their concurrent encounter. The state and message spaces are extended in the
obvious manner (to eight possible states). Rather than characterizing the separate evolution
of the many state probabilities, I will focus on the transmission risks between the man and the
woman, respectively. This will allow me to focus on the e¤ects that adding the lover has on
beliefs and transmission risks under unprotected sex between the two concurrent partnerships.
Last, note that the situation of the lover is no di¤erent in nature than that of the man, vis-à-vis
the woman.
In the left-hand side panel of Figure 10, I show some possible paths of the mutual transmission risks rM W and rW M of the man and the woman respectively, under the assumption that no
symptoms have been observed in either individual or in the lover. By assumption and to make
the comparisons cleaner, the man and the woman initially face identical transmission risks.
For comparison, the dashed line in this …gure indicates the common transmission risk faced by
the couple under monogamy, under the same parameter values and initial conditions.22
There are two interesting features worth noting. The …rst feature is that while the transmission risk that the woman faces from the man is decreasing, as is the case under monogamy,
it in fact decreases more sharply, because of the presence of the lover. The reason is simply
that as the woman is exposed to additional transmission risk from the lover, she is more likely
to become infected and therefore less and less susceptible to disease transmission from the
man. Ceteris paribus, this should make the woman more willing to engage in unprotected sex
with the man. The second feature, is that the transmission risk faced by the man, is now
non-monotone. The reason is that as the woman is now exposed to more transmission risk
from her lover, this translates with a lag into a higher risk to the man (through the woman’s
increased infection probability). Over time, if neither the woman or her lover show symptoms,
eventually the perceived transmission risks (for all involved) start decreasing. But at least
22
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Figure 10: Transmission Risks Under Concurrent Relationships. Left-hand side panel compares
case of line with monogamy; right-hand side panel compares case of triangle with line.

initially, ceteris paribus, the presence of the lover may make the man less willing to engage in
unprotected sex with the woman. A symmetric argument holds for the lover, because of the
woman’s unprotected relations with the man. Also note that the total transmission risk that
the woman faces is higher than that plotted in Figure 10, because she also faces the additional
risk of transmission from her lover.
Next, consider the triangle network. In the right-hand side panel of Figure 10, I again
show the paths of transmission risks rM W and rW M from the line network, again under the
assumption that no symptoms are observed. Furthermore, the common transmission risks
between the man and the woman in the triangle network, are indicated with a dashed line.
Note that the transmission risks from the woman to the man and vice versa, are equal as they
are now facing perfectly symmetric problems. The addition of the lover to form the triangle
network, has two countervailing e¤ects on the inference problems faced by the man and the
woman. On the one hand, they now each face higher total transmission risks, compared to
the monogamous setting. On the other hand, the addition of the lover, whose health status
under unprotected sex becomes increasingly correlated with that of the man and the woman,
provides additional information about the health status of all three individuals. In other words,
in terms of inference, there is a tradeo¤ to adding a new individual to the network. The tradeo¤
is not unlike that facing the individuals under monogamy and the net e¤ect will depend on the
parameters ( ; ). Compared to the line network, the woman in the triangle network initially
faces higher transmission risks under the triangle network. Again, the transmission risk is nonmonotone, although this is less pronounced than under the line network. But interestingly,
the transmission risk facing the man is lower in the triangle network, than in the line network.
This is because, although the man is now exposed to more risks (from both the woman and
the lover), the fact that all three individuals are symptom free and that their health states
are correlated, rapidly decreases the perceived transmission risks faced by all three individuals.
For other parameter values, the transmission risk in the triangle network could be larger than
that of the man in the line network.
It is useful to directly compare the transmission risk from the man to the woman, across
networks. In each network, the woman is directly connected to the man and to the lover. The
only di¤erence is therefore that in the line network, the woman is the only connection between
the two, while in the triangle network, they are also directly connected. As mentioned before,
adding this connection between the woman’s two partners has two distinct e¤ects. First, the
total transmission risk faced by the woman is increased by the addition of the connection, as
can be seen in the initial segment of the dashed curve in the right-hand side panel of Figure
10. The reason is that apart from the direct risk posed by being connected to the man and the
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lover, the woman now also experiences indirect risks. For example, suppose that the lover is
infected but that the man is not. In the line network, the woman can only be infected by the
lover (but not by the man). In the triangle network, the lover can directly infect the man, who
can in turn infect the woman, even in cases where the lover does not directly infect the woman.
Thus the additional connection increases overall infection risks. Second, the addition of the link
between the man and the lover means that their health states become more strongly correlated.
This means that observing the symptoms of either, becomes more informative about the health
state of the other. In other words, adding the connection leads to faster learning. This is seen
in the …gure by noting that the dashed curve eventually decreases faster than the curve for the
woman’s transmission risk in the line network.
It is immediately clear that many of these features will extend to more elaborate networks
than the ones considered here. The general lesson is that adding individuals to a network
has two e¤ects. On the one hand, they add new possibilities of disease transmission. On the
other hand, their presence also allows individuals to learn faster, because the health states of
connected individuals become increasingly correlated. The net e¤ect will depend not only on
the parameters ( ; ) and the initial conditions, but will also be a function of the network
topology.23
From these considerations, it is clear that the possible equilibrium dynamics become considerably more complicated once additional individuals are added to the network. The best
responses in Theorem 1 remain valid in such settings, but there can now be multiple switches
between protected and unprotected sex. For example, it is possible to start in a situation with
relatively modest transmission risks, which justify all engaging in unprotected sex. Because of
the potential for disease transmission, the risks go up, prompting a switch to protected sex.
Over time, if no symptoms are observed, there can be an additional switch back to unprotected
sex. In fact, such non-monotonicities are not limited to situation in which no symptoms are
observed. Suppose that no symptoms have been observed and that all have unprotected sex.
Next, suppose that the lover starts showing symptoms, which prompts the man to revise upwards his assessment of being at risk from unprotected sex with the woman and the woman’s
assessment of being at risk from the lover. In this case, they may all switch to protected sex.
Over time, if no further symptoms are observed, the transmission risks will become su¢ ciently
low to justify a switch back to unprotected sex between the man and the woman (but not
between the woman and her lover).
Brie‡y turning to issues of welfare, it is clear how adding concurrent partnerships to the
model can create ine¢ ciencies in sexual decision making, in a world with forward-looking
behavior. This follows since one individual’s decision to engage in unprotected sex today, may
increase the transmission risk faced by an indirect partner tomorrow. Unless this e¤ect on
third parties is internalized, there is scope for equilibrium over-exposure from the perspective
of the utilitarian social planner. The extent of this should be balanced against the ine¢ ciencies
created by the least willing individual being pivotal (which will be explored in detail below)
and will also depend on how much the individuals discount the future.
As argued by Anglewicz and Kohler (2009), there is evidence to suggest that individuals
tend to overestimate their probability of being infected and as a consequence, to underestimate
their susceptibility to infection. The persuasion bias studied by DeMarzo et al. (2003) is
a possible explanation for this …nding. The more connected individuals become in a sexual
network, the more their health states become correlated as a consequence of unprotected sex.
If an individual has multiple sexual partners who are mutually connected, either directly or
indirectly, then something equivalent to persuasion bias may lead individuals to over- or under
estimate the transmission risks they face.
23
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Welfare, Altruism and Social Conventions

In this section, I analyze the social optimality of the equilibrium decisions made by the two
individuals. I also consider extensions to situations in which individuals have either altruistic
preferences or more extreme self-abnegating preferences. Last, I discuss the role of social
conventions in determining the type of sex the couple engages in.
7.1. Socially Optimal Decisions. From the perspective of a utilitarian social planner,
there are three distinct sources of ine¢ ciencies in sexual decision making in the context of the
present analysis. First, there is the fact that individuals are assumed to be passive learners and
thus do not act to forego short term gains in order to make better informed future decisions.
In what follows, the social planner will be assumed to adopt the same kind of policies, but with
a view to maximize social welfare period by period. Second, decentralized protection decisions
typically lead to negative externalities, because individuals do not properly internalize the
e¤ects that their decisions have on other individuals. This e¤ect is absent as long as the
decision makers are assumed not to be forward looking.24 The third source of ine¢ ciency,
further characterized below, is di¤erent in nature. It stems from the assumption that there is
no coercion. With this assumption in place, it is the individual who is least inclined to engage
in unprotected sex, that is pivotal to the couple’s decision. But that means that unprotected
sex takes place only when the person who values it the least agrees to it, thus driving a wedge
between the equilibrium outcomes and those preferred by a utilitarian social planner. I will
now characterize this ine¢ ciency in detail.
Consider a strictly utilitarian social planner, who in each period seeks to maximize the sum
of the individuals’welfare levels. Such a planner’s objective function is given by
W (rM W ; rW M )

UM (rM W ) + UW (rW M ) = 2
= 2

(rM W + rW M )

(40)
(41)

where is the transmissive contact rate de…ned in (1).25 To ensure that there is a positive
social value of protection, I impose the following strengthening of Assumption 1:
Assumption 2.

> 2.

This assumption means that the net bene…ts of unprotected sex are not so large, that the
planner would wish a susceptible individual to have unprotected sex with a partner who is
known to be infected.
While it is trivially true that the planner may wish to make di¤erent decisions than the
two individuals would on their own, the direction of this discrepancy is interesting. As can be
seen from Figure 11, which illustrates the private indi¤erence curves IM and IW together with
the iso-social welfare curves IM and IW , there are beliefs for which the planner would prefer
unprotected sex while one of the individuals would prefer protected sex. That is, the social
planner would prefer more unprotected sex than what would result from decision making by
the couple (when each individual seeks only to maximize his or her own welfare). The reason
for this result can be seen by considering a set of beliefs (pM ; pW ) that is just within the set
Si , i = M; W , but far from the set Sj . In this case, the couple will engage in protected sex
because i can insist on it, but i’s welfare loss from engaging in unprotected sex is very small
compared to the welfare gain for j from unprotected sex. The social planner would in this
24

To properly model this possibility, one would have to assume forward-looking behavior on the part of
both the individuals and the planner. This is because under passive learning, there are no contemporaneous
externalities in the present model. This issue is discussed further in Toxvaerd (2014).
25
Note that in the special case pM = pW = I, = 2I(1 I) = 2V ar(H), where H is the health status of a
randomly chosen individual.
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Figure 11: Socially Optimal Versus Equilibrium Decisions in (pM ; pW )-Space.

situation prefer that the couple engage in unprotected sex, despite i’s wishes. Two such points
are indicated on the …gure.
To formally analyze the di¤erences between equilibrium outcomes and socially optimal outcomes, it is instructive to determine the conditions under which the planner and the individuals
decide on unprotected sex, respectively. The planner will prefer unprotected sex when
(42)

W (rM W ; rW M ) > 0
which can be rewritten as the condition
1
(rM W + rW M )
2

(43)

p

Turning to the couple, they will engage in unprotected sex when
(44)

minfUM (rM W ); UW (rW M )g > 0
which can be rewritten as the condition
maxfrM W ; rW M g

(45)

p

1
From these inequalities and the fact that maxfrM W ; rW M g
(r
+ rW M ), it follows that
2 MW
the individuals’condition for engaging in unprotected sex is more di¢ cult to satisfy than that
of the planner. Furthermore, maxfrM W ; rW M g = 21 (rM W + rW M ) for rM W = rW M . This means
that on the diagonal in (pM ; pW )-space, equilibrium decisions are always socially optimal. In
particular, this means that any of the states (1; 0; 0; 0) and (0; 0; 0; 1) are valued as much by
the planner as they are by the individuals. The reason for this …nding is simply that for
rM W = rW M , the two individuals face identical problems and thus their equilibrium decisions
coincide. For this reason, their decisions also coincide with those preferred by the planner.

De…ne the safe set under utilitarian social planning as
S

f(rM W ; rW M ) 2 [0; 1]2 : W (rM W ; rW M )

0g

(46)
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I can now state the following result:
Theorem 3. The safe sets are ordered so S

S.

Because there is no coercion, there can never be “too much”exposure to infection in equilibrium. This is so because if either individual prefers protected sex, then no unprotected sex
will take place. On the other hand, the social planner, who takes into account the welfare of
both individuals, may well prefer that unprotected sex takes place, since the increase in welfare
of the willing partner outweighs the loss in welfare of the unwilling partner. Since the safe sets
are di¤erent under the two scenarios, for a given initial belief, the equilibrium path may end in
a di¤erent steady state than would have been the case under socially optimal decisions. Last,
it is worthwhile noting that over time, as correlation between the two individuals’health states
increases, the ine¢ ciencies in equilibrium decisions tend to disappear.
It should be emphasized that the above results are very speci…c to a social planner that is
utilitarian, i.e. one that seeks to maximize the sum of the individuals’utilities. If one instead
considers a Rawlsian social planner, i.e. one that seeks to maximize the utility of the worst-o¤
individual, then the joint decisions under sel…sh preferences are in fact socially optimal, as they
favor the individual who is most susceptible at the expense of the one that is least susceptible.
Welfare and Equilibrium Decisions with Transfers. Without transfers, there is no
way for the individuals to align their preferences and achieve the socially e¢ cient decision. For
that reason, I now relax the assumption that the individuals cannot make in transfers. As
noted by Philipson and Posner (1993) and further discussed by Greenwood et al. (2013), such
transfers should be interpreted in the widest possible way, to include the exchange of both
such “commodities”as companionship and material gifts. Luke et al. (2011) collect empirical
evidence of gift giving between sexual partners.
If individuals have quasilinear preferences (i.e. preferences that are linear in the transfer),
the socially optimal decisions can be obtained without coercion, simply by allowing side payments between the individuals, i.e. by allowing an individual to compensate its partner for
engaging in more unprotected sex than desired. A transfer function that will achieve this is
e.g. a transfer from individual i to individual j given by
(rij ; rji ) = Ui (rij ; rji )

(47)

This transfer function keeps individual i on his or her reservation utility, since
Ui (rij ; rji )

(rij ; rji ) = 0

(48)

while individual j now acts with a view to maximize
Uj (rji ; rij ) + (rij ; rji ) = W (rij ; rji )

(49)

In other words, social welfare is maximized once transfers are allowed.
For concreteness, consider the following numerical example, in which the health states are
assumed independent. Let the infectiousness be
= 0:6 and let the bene…t-cost ratio be
= 5. With pM = 0:2 and pW = 0:5, it is easy to verify that UM (rM W ; rW M ) = 0:2,
UW (rW M ; rM W ) = 0:7 and W (rM W ; rW M ) = 0:5. In other words, with these parameter choices
and for these beliefs, the man would prefer protected sex, while the woman would prefer
unprotected sex. Without coercion, the man’s choice determines the type of sex that the couple
engages in and thus they choose protected sex. But the planner clearly values unprotected sex
over protected sex, since the net social welfare resulting from unprotected sex is positive.
The socially optimal outcome can be achieved by implementing any transfer (rM W ; rW M ) 2
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[0:2; 0:7] from the woman to the man. For any such transfer, each individual’s participation
constraint is satis…ed and the socially optimal outcome is achieved.
Although the presence of transfers may seem to achieve the socially optimal outcome, this
…nding comes with an important caveat, for it is based on a strictly utilitarian welfare measure.
While utilitarianism is pervasive in economic analysis, many people are uncomfortable with
using it in contexts of health. For in its strictest interpretation, utilitarianism sanctions the
harvesting of organs from healthy individuals, even without their consent. It can be argued
that the social planner should instead pursue a Rawlsian objective, which is exactly what is
achieved when there is no coercion and no transfers. In conclusion, whether transfers should
be allowed, reduces to a question of society’s view on how to aggregate individuals’welfare. In
Germany, recently proposed legislation seeks to ban prostitutes from o¤ering unprotected sex
to their costumers, essentially stipulating that no transfer will make this service available.26
7.2. Altruistic Preferences. So far, I have maintained the assumption that the individuals are strict utility maximizers, with no regard for their partner’s well-being. This may
be a strong assumption and it is worthwhile discussing what would happen if one relaxes it.
Altruism in the context of sexual decision making has been discussed by Philipson and Posner (1993) and Gong (2015). O’Dell et al. (2008) argue that “In the context of sexual risk
behavior, both self-interest and concern for others may play a role in the decision to practice
safer sex”. As will become clear in what follows, while it is certainly true that altruism may
change sexual decision making, the direction of the change may be somewhat surprising. In
the large body of literature on sexually transmitted diseases, it is quite common to assert that
particular outcomes are the e¤ects of altruism, without explicitly verifying that altruistic motives would lead to the observed outcomes. For example, Du¢ n (2004) reports that in HIV
education, “[Altruism] describes the responsibility of a person with HIV to avoid transmitting
the virus”.27 In contrast, I will instead assume that individuals have altruistic preferences and
then see where this assumption leads. As will become clear in what follows, altruism can have
surprising e¤ects on the decision to engage in voluntary transmissive sexual behavior.
To model altruism, suppose that the objective of an individual i = M; W is to maximize
Vi (rij ; rji )

(50)

Ui (rij ) + AUj (rji )

where A 2 [0; 1] is the degree to which individual j’s well-being is take into account by individual
i. This formulation, which is the standard non-paternalistic approach used in the literature,
nests the two extremes of purely sel…sh preferences on one hand and the social preferences of
the utilitarian social planner on the other.
The best responses of the two individuals and their aggregation to joint decisions in Theorem
1 are modi…ed in a straightforward way. With these preferences, the couple will engage in
unprotected sex when
minfVM (rM W ; rW M ); VW (rW M ; rM W )g > 0

(51)

which can be rewritten as the condition
max

rM W + ArW M rW M + ArM W
;
1+A
1+A

p

(52)

It is straightforward to verify that condition (52) coincides with condition (43) for A = 0 and
26

Condoms Compulsory in German Sex Industry Under New Law, The Guardian, February 3rd, 2016.
Similarly, Kerwin (2014) states that “[...] purely self-interested people should see little or no marginal cost
from further risky sex if they are already infected, while altruistic people would want to take measures to protect
their prospective partners. A parallel logic applies to those who learn they are HIV-negative".
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with condition (45) for A = 1.
De…ne the safe set under altruistic preferences as
SA

f(rM W ; rW M ) 2 [0; 1]2 : minfVM (rM W ; rW M ); VW (rW M ; rM W )g

0g

(53)

As can be seen from equation (52), the safe and risky sets under altruism are less straightforward
than those under sel…sh decision making and has similarities with those under socially optimal
decision making. A direct comparison of the conditions (43), (45) and (52) shows that sel…sh
individuals are least inclined towards unprotected sex, followed by the altruistic individuals,
who are in turn less inclined towards unprotected sex than what is socially optimal from a
utilitarian perspective. Formally, if rM W rW N , then
rM W

rM W + ArW M
1+A

rM W + rW M
2

rW M + ArM W
1+A

rW M

(54)

I thus have the following result:
Theorem 4. The safe sets are ordered so S

SA

S.

At …rst glance, it may seem surprising that in this model, altruistic behavior implies that
there is more, rather than less, unprotected behavior and hence a higher probability of disease
transmission. The key to understanding this result, is to recall that unprotected sex must be
voluntary. This means that even if an individual who is very likely to be infected has the wellbeing of his highly susceptible partner in mind when considering his options, it is in fact the
decision of the highly susceptible individual that counts. And as long as the low risk individual
takes the well-being of the high risk individual into account, she will be more inclined towards
unprotected sex than a purely sel…sh individual. The iso-welfare curves and the indi¤erence
curves under altruism are depicted in Figure 12. At the indicated points, sel…sh individuals
would choose to engage in protected sex, while altruistic individuals would opt for unprotected
sex. It should be noted that for rM W = rW M , altruistic decisions coincide with those under
sel…sh preferences and are socially optimal.
As noted above, the …nding that the planner would prefer there to be more unprotected
sexual relations than in equilibrium, depends on the restriction to passive learning. More
generally, in a setting with concurrent partnerships and active learning (i.e. with forwardlooking behavior), unprotected sex will have negative external e¤ects on third parties. This
implies that a social planner would prefer less unprotected sex than in the present benchmark
setting. This raises an interesting possibility in the context of altruism. There is strong
evidence, both from the laboratory and from …eld experiments, that individuals display more
altruism towards speci…c (or identi…ed) individuals, than towards abstract (or unidenti…ed)
individuals (see Small and Loewenstein, 2003 and references therein). This can lead to counterintuitive consequences. Suppose that while individuals are altruistic, the altruism is only
directed towards their current partner(s) and not towards the general population. To make
the point as clean as possible, suppose that A = 1. In this case, altruism may in fact decrease
social welfare, because each individual, in trying to take into account the well-being of only
their direct partner(s), may agree to too much unprotected sex, from the perspective of the
social planner (who factors in the future negative externalities imposed on third parties). Such
directed altruism seems much more realistic than a more generalized form of altruism. One
therefore faces the surprising prospect that an increase in such (directed) altruism can make
society as a whole worse o¤!
7.3. Social Conventions. In this paper, I have adopted the social convention that unprotected sex must be consensual. In particular, this means that the least willing individual is
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Figure 12: Indi¤erence Curves and Iso-Welfare Curves with Altruism in (pM ; pW )-Space.

pivotal to the joint decision to engage in unprotected sex. This modeling choice is of course
arbitrary to some extent, re‡ecting a personal value judgment as much as it re‡ects reality.
For that reason, I will now discuss the alternative assumption where
at (rij ; rji ) = maxfait (rij ); ajt (rji )g

(55)

This assumption describes situations in which there is coercion. While this assumption may
seem extreme, it serves as a useful benchmark for comparison.28
It is immediately clear that the dynamic aspects of the analysis are qualitatively unchanged,
with the least susceptible individual’s threshold replacing that of the most susceptible individual. This is seen clearly from the last two inequalities in (54). Turning to the issue of welfare
and altruism, all the central inequalities are reversed. This means in particular that from a
social perspective, there is in this case too much unprotected sex. This is because the least
willing individual will now be forced to engage in unprotected sex against his will, in order to
please his partner. In this case, altruism has the e¤ects that one may intuitively have expected
to hold in general, namely that the extent of unprotected sex is reduced. The reason is simply
that when the least susceptible individual is pivotal, then altruism will induce this individual
to factor in the well-being of the more susceptible (and therefore less willing) individual. This
leads to less transmissive joint decisions. In the previous section, I noted that when transfers
are allowed, the equilibrium decisions with side payments achieve the social optimum. This
is still the case under coercion, but here payments take a more sinister form. In particular,
payments now take the form of an inducement from the least willing partner to the more willing
partner, in order to avoid having to engage in unprotected sex.
To more clearly draw out the consequences of the di¤erent preferences and social conventions, note that under both sel…sh, altruistic and socially optimal behavior, joint decisions are
always (weakly) increasing in the transmission risks rij and rji . This means that I can rank the
di¤erent scenarios in terms of how quickly the individuals switch from protected to unprotected
behavior. Making use of (54), Figure 13 illustrates the di¤erent conditions, in the case in which
28

In 1 Corinthians 7:5 of the King James Bible, the married couple is admonished thus: “Defraud ye not one
the other, except it be with consent”. This is generally interpreted to mean that the couple should only abstain
when doing so is consensual.
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Figure 13: Switching Conditions When No Aymptoms Are Observed. Curves from left to
right represent (i) sel…sh preferences under coercion, (ii) altruistic preferences under coercion,
(iii) the social optimum, (iv) altruistic preferences without coercion and (v) sel…sh preferences
without coercion.

no symptoms are observed. The middle curve shows the relevant condition for the socially optimal switch from unprotected to protected sex. The outermost curves show the conditions
under coercion (left) and no coercion (right) respectively, each under sel…sh decision making.
In between those curves and that of the socially optimal case, are the relevant curves under
coercion (left) and no coercion (right) respectively, but under altruistic decision making. As
the altruism parameter A tends to one, these latter curves approach (and eventually coincide
with) the middle curve. Conversely, as A tends to zero, the curves approach (and eventually coincide with) the outermost curves. It is clear from this …gure that as altruism increases,
equilibrium decisions necessarily approach the socially optimal decisions. Having said that, the
increase in social welfare comes about in di¤erent ways, depending on the social norm. Under
coercion, altruism increases social welfare by delaying the switch from protected to unprotected
sex (thereby decreasing overall transmission). But under no coercion, altruism increases social
welfare by switching to unprotected sex sooner, thereby increasing overall transmission.
I have for clarity only considered the two extremes in which the individual either least
or most susceptible to infection, is pivotal for the decision to engage in unprotected sex. In
general, the outcome will depend on social (i.e. cultural) norms, idiosyncratic power relations
within the couple and the bargaining process that aggregates preferences into decisions. But
it should be clear that the more one or the other part is favored, the more one moves towards
the extremes I have described.
It is of course an empirical questions whether one norm or the other is prevalent in a given
society (or indeed, within the context of a particular relationship). Some work has been carried
out on this topic by, Muldoon et al. (2014). They …nd that there is wide variability across
couples within the same society, with some couples in their sample following joint decision
making and other couples following decision making by one individual only. They show that
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when couples make joint decisions, they are signi…cantly more likely to use condoms. They
also emphasize the role of power relations within the couple in determining the type of decision
making and survey a large literature on the topic. These …ndings suggest that policies designed
to shift cultural norms of sexual decision making may be a fruitful avenue for in‡uencing
aggregate patterns of exposure and disease transmission.
7.4. Self-Abnegating Preferences. As an alternative to the type of altruistic preferences
treated above, several authors consider more extreme forms of altruism, where individuals selfsacri…ce their own utility in order to increase the well-being of their partner (see e.g. Chen
and Kempe, 2008 and references therein). In particular, individuals are assumed to maximize
an objective of the following type:
V~i (rij ; rji )

(1

(56)

A)Ui (rij ) + AUj (rji )

Here, A 2 [0; 1] denotes the weight given by an individual to the partner’s well-being and
simultaneously, the degree to which the individual is self-abnegating. With such preferences,
the couple engage in voluntary unprotected sex when
minf(1

A)UM (rM W ) + AUW (rW M ); (1

A)UW (rW M ) + AUM (rM W )g > 0

(57)

This condition can be rewritten as
minfUM (rM W ) A [UM (rM W )

UW (rW M )] ; UW (rW M )+A [UM (rM W )

UW (rW M )]g > 0 (58)

In this case, it is clear that as the altruism parameter A increases, the least susceptible
individual become increasingly inequality averse, while the most susceptible individual becomes increasingly inequality loving. This can be seen by recalling that if rM W
rW M , then
UM (rM W ) UW (rW M ). In the extreme case where A = 1, the two individuals essentially swap
preferences. As the individuals become completely self-abnegating, the least susceptible of the
couple would block unprotected sex, exactly when the most susceptible individual would have
done so under completely sel…sh preferences.
In terms of transmission risks, the condition for voluntary unprotected sex becomes
maxfrM W + A [rW M

rM W ] ; rW M

A [rW M

rM W ]g

p

(59)

To make things interesting, I impose the following:
Assumption 3. maxfrM W ; rW M g
Assumption 4.

1
(r
2 MW

+ rW M )

p.
p.

These assumptions ensure that there are cases in which purely sel…sh individuals, would
make di¤erent choices than self-abnegating individuals.
The joint decisions under this kind of preferences, when unprotected sex must be voluntary,
are illustrated in Figure 14. The V-shaped segment in the …gure drawn in heavy line, represents
the condition for the joint decision to engage in unprotected sex.
As can be seen from the …gure, for A = 0, the individuals are entirely sel…sh and the man
would block unprotected sex, as rM W > p. As the man puts increasingly high weight on the
utility of his partner, he become increasingly willing to engage in unprotected sex. Note that
for the special case A = 1=2, the individuals in fact care as much about themselves as they do
about their partner and hence their joint decision coincides with that chosen by the utilitarian
social planner. But note that when A increases beyond 1=2, the couple becomes less and less
willing to engage in unprotected sex. The reason is that in this case, the woman puts more
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Figure 14: Joint Decisions Under Self-Abnegating Preferences.

weight on the man’s utility than on her own and therefore starts acting more and more as
would a man under sel…sh preferences. She therefore becomes increasingly unwilling to engage
in unprotected sex. In the extreme case where A = 1, the two individuals have essentially
swapped preferences and therefore block unprotected sex exactly as would individuals under
sel…sh preferences.
Last, note that in the extremes, i.e. for completely sel…sh and for completely self-abnegating
preferences, the joint decision di¤ers from that chosen by the utilitarian social planner, but
coincides with that chosen by the Rawlsian social planner. In contrast, in the middle area where
A 2 [A0 ; A00 ], the individuals maximize the sum of their (material) utilities. It is interesting to
note that for extremely self-abnegating preferences, the joint decision will coincide with those
preferred by either sel…sh individuals or by a Rawlsian social planner. In contrast, extremely
altruistic (but not self-abnegating) preferences would lead to joint decisions that coincide with
the decision chosen by a utilitarian social planner.
For completeness, it should be mentioned that with self-abnegating preferences and coercion, the most susceptible individual may act to ensure that the couple engage in unprotected
sex, in order to please the less susceptible partner.
8. Discussion
In this paper, I presented and analyzed a simple model of sexual decision making when individuals are faced with an infectious but possibly asymptomatic disease. The disease can spread via
unprotected sexual behavior. I showed that behavior and learning interact in interesting ways.
In particular, because individuals learn about their infection state, which evolves endogenously
over time as a function of the decisions on protected versus unprotected sex, individuals may
rationally assign either increasing or decreasing probabilities to being infected, even without
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observing symptoms. The non-monotonicity is brought about by the interaction of exposure
from unprotected sex and a lack of symptoms. I furthermore extend the analysis to some simple settings with concurrent partnerships. Next, the analysis showed that when unprotected
sex happens only on a voluntary basis, there is too little such sex from the perspective of a
utilitarian social welfare criterion. This follows from the observation that under voluntary sex,
the most at-risk individual can veto the joint decision of the couple with a view to maximizing
own welfare only. I showed that when individuals become increasingly altruistic, the extent of
voluntary unprotected sex increases. Last, I considered the problem of identifying the index
case as a function of the timing of symptoms.
While the model presented in this paper has yielded a number of results, there is scope for
extending the analysis in several di¤erent directions. First, it is interesting to go further in the
analysis of concurrent partnerships. In practical terms, this will involve embedding each decision maker in a structured population model such as a network. Ideally, such networks would
have both stable components (to capture long term relationships) and random formation of
additional connections (to capture the possibility short term or opportunistic sexual relations).
In such a setting, the correlations between the individuals’health states, their decisions and the
resulting disease dynamics will depend delicately on the network structure of the population.
Second, it is interesting to relax the assumption that individuals are passive learners and
to determine the dynamics of the model, when individuals engage in optimal (or strategic)
experimentation. It is not clear whether optimal (or equilibrium) experimentation would lead
to less or to more protected sex, as there is a tradeo¤ to be considered. On the one hand,
protected sex makes symptoms (or the absence of such) a more precise signal of past health
states. This would suggest that an experimenter would opt for less unprotected sex in order to
learn. On the other hand, under unprotected sex, the health states of the two individuals are
more likely to be the same, and thus one may learn something about one’s own health state
by observing the symptom history of one’s partner. It seems that resolving this tradeo¤ would
rely in a delicate manner on the two central parameters ( ; ). From the present analysis it
appears that the value of experimentation is decreasing in the correlation of the individuals’
health states and thus would be most relevant at early stages of the relationship.
Third, I have assumed that once an individual is infected, he or she cannot recover. This
assumption re‡ects the fact that HIV/AIDS is the main motivating example for the present
model. To adapt the analysis to other diseases in the SIS class, one can extend the model in a
straightforward manner by introducing the possibility that an infected individual will recover
in each period.
Fourth, I have assumed throughout that while an infected individual could appear healthy,
symptoms are a perfect signal that the individual is in fact infected. In other words, I have
allowed for false negatives but not for false positives. Allowing for false positive changes the
dynamics of the model in interesting ways. Some discussion of such a setting is o¤ered in
Online Appendix C.
Fifth, in the present analysis, I disregard all issues of private information, by maintaining the assumption that the infection probabilities of the individuals are common knowledge.
In practice, each individual will have superior information about their sexual histories (and
indeed, about their relations with third parties). Under such a setting, learning would be immensely more complicated, because there would be private updating (i.e. for the same symptom
observations, the individuals would update di¤erently). Furthermore, in such a setting, the
individuals would have an incentive to try to elicit their partner’s private information by observing their willingness to engage in unprotected sex. Similarly, they would have an incentive
to in‡uence their partner’s beliefs to their own advantage.
Last, the analysis has assumed that the individuals cannot (or are not willing to) take tests
to reduce uncertainty. In many countries, the majority of people do not have access to reliable
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testing (see e.g. Anglewicz and Kohler, 2009) or if they do, may not have con…dence in their
accuracy (see e.g. De Paula et al., 2013).29 Testing has been the object of both theoretical and
empirical analysis in di¤erent contexts by Philipson and Posner (1993), Boozer and Philipson
(2000), Mechoulan (2004), Sen (2004), Wilson (2010), Gersovitz (2011), Gong (2015) and
Ostermann et al. (2015). In these papers, individuals test to either improve the match with
other partners, or to commence the appropriate treatment in case they are found to be infected.
The theories brought forward by these studies are not dynamic in nature and could in principle
be applied in each period of the present analysis. While these papers give convincing arguments
for the value of testing, the fact remains that HIV has spread in populations regardless of
the widespread availability of inexpensive HIV tests. Furthermore, most people have only a
few HIV tests over their lifetime. This suggests that the incentive to test and the tradeo¤s
involved in testing are not yet fully understood. An additional consideration is that the testing
literature focuses on the bene…ts of treatment, mostly from the perspective of the value of
information. But there are a number of generally unappreciated costs involved in testing,
which may act to deter individuals from taking tests. Such costs include (i) the inability of
an individual to obtain health insurance when a positive HIV status is known and must be
disclosed, (ii) the legal sanctions imposed on individuals who know they are HIV positive but
engage in unprotected sex and put other’s health at risk, (iii), disclosure requirements towards
new partners, underpinned by the treat of criminal prosecution (see O’Byrne et al., 2013), (iv)
the psychological discomfort involved in knowing with certainty that one is infected (rather
than merely suspecting it) and (v) the signal that taking an HIV test may send to a long-term
partner (i.e. an admission of possible in…delity); similarly, asking one’s partner for a test may
be construed as an accusation of in…delity. These and other reasons are described in Johnston
(1995) and Fortenberry et al. (2002). Once such costs are considered, potential testers face a
real tradeo¤ and may thus opt to remain uncertain.

29

De Paula et al. (2013) report that in a study from Malawi, a large majority of men that tested positive for
HIV but were asymptomatic, assigned a probability less than one to being infected two years later. Surprisingly,
a plurality of these assigned probability zero to being infected.
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A.

Beliefs Over States

Let the prior beliefs be given by fp1 ; p2 ; p3 ; p4 g. The posterior beliefs under unprotected sex
are as follows:
P (xt
P (xt
P (xt
P (xt
P (xt

=
=
=
=
=

s1 jyt
s2 jyt
s3 jyt
s4 jyt
s1 jyt

= r1 ) = p1
= r1 ) = (1
= r1 ) = (1
= r1 ) = (1
= r2 ) = 0

at 1 )(1
)p2
at 1 )(1
)p3
2
) [p4 + at 1 p2 + at 1 p3 ]

P (xt = s2 jyt = r2 ) =
P (xt

p2 (1
= s3 jyt = r2 ) = 0

P (xt = s4 jyt = r2 ) = 1

(60)
(61)
(62)
(63)
(64)

p2 (1

p2 (1
at 1 )
at 1 ) + (p4 + at 1 p3 ) (1

(65)

)

(66)
p2 (1
at 1 )
at 1 ) + (p4 + at 1 p3 ) (1

)

(67)

P (xt = s1 jyt = r3 ) = 0
P (xt = s2 jyt = r3 ) = 0

(68)
(69)

P (xt = s3 jyt = r3 ) =

(70)

P (xt =

(71)

P (xt
P (xt
P (xt
P (xt

=
=
=
=

p3 (1
at 1 )
p3 (1
at 1 ) + (p4 + at 1 p2 ) (1
)
p3 (1
at 1 )
s4 jyt = r3 ) = 1
p3 (1
at 1 ) + (p4 + at 1 p2 ) (1
)
s1 jyt = r4 ) = 0
s2 jyt = r4 ) = 0
s3 jyt = r4 ) = 0
s4 jyt = r4 ) = 1
1
p1 + p2 (1
at 1 )(1
) + p3 (1
at 1 )(1
) + [p4 + at 1 p2 + at 1 p3 ](1

B.

(72)
(73)
(74)
(75)
(76)
)2

Who is the Index Case? Decoding and the Most Likely Path

In the main body of the paper, the dynamics of beliefs and decisions were analyzed. This
analysis relied on …ltering, i.e. on determining the distribution over the current (hidden) state,
conditional on available information. In the present section, I treat a di¤erent but related
problem, namely that of determining, given available information, the most like path through
time of the state variable. This problem, known as decoding, is useful when one or both
individuals in the couple shows symptoms of infection. Suppose that the symptom onset dates
are available and one wishes to determine which individual is the most likely source of infection
(in the language of epidemiology, the index case). Decoding helps answer this question, by
determining the probabilities, given the initial conditions and the symptom history, of di¤erent
sequences of state transitions. This in turns allows me to determine the relative likelihood of
histories where one or the other individual is the index case (or indeed the history in which
both were infected from the outset). Magder and Brookmeyer (1993) and Teunis et al. (2013)
develop statistical methods to determine the likely source of the infection in a seroconcordant
infected couple, while Groendyke et al. (2011) treat a similar problem from a theoretical
perspective in the context of an SEIR epidemic on a random network.
Given a set of observations (y1 ; y2 ; :::), the probability that a given path (x0 ; x1 ; x2 ; :::)
has materialized can be found as the product of the transition probabilities along the path
(x0 ; x1 ; x2 ; :::) and the probabilities that the observed signals where emitted in the states along
the path. At the end of this Appendix, the probabilities for all possible paths are calculated for
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the case of two observations. While it is possible to …nd the path probabilities by brute force
when the paths are short, it quickly becomes intractable and alternative procedures must be
used. A useful approach to calculating these probabilities is known as the Viterbi algorithm,
which is given by the following recursion:
(

)

max
P (x0 ; x1 ; :::; xt 1 ; Xt jy1:t ) = P (yt jXt ) max P (Xt jxt 1 ) max
P (x1 ; :::; xt 2 ; xt 1 jy1:t 1 )
t 1
t 2

fxk gk=1

xt

1

fxk gk=1

(77)
where the normalizing factor is de…ned in (20).
The Viterbi algorithm is the well-known dynamic programming recursion, applied to the
distribution across states.30;31 The problem of decoding is illustrated in Figure 15, which shows
the possible state transitions with two periods. Note that for clarity, only state transitions that
have positive probability are indicated. As can be seen from the diagram (a so-called trellis
diagram), the number of possible paths that the individual has to keep track of grows very fast.
For a history with n observations, there are 4n+1 di¤erent possible paths through the system.
To understand the workings of the Viterbi algorithm, consider a path that ends in state xt .
The most likely path that ends in state xt can be decomposed into a most likely path to some
state xt 1 and a subsequent transition from xt 1 to xt . The state xt 1 that will become part
of the most likely path to xt , is simply that which maximizes the likelihood of that path.
In practical terms, the most likely path is found by determining for each time t and each
state xt , the most likely originator, i.e. the state from which a transition into state xt is most
likely (given the distribution over states at t 1 according to the joint distribution over paths
ending in states xt 1 ). Once all the most likely originators have been identi…ed, the most likely
terminal state is determined. The overall most likely state path is then found by starting at
the most likely terminal state and then follow the path backwards, at each step going from a
state to its most likely originator.
Looking at the probabilities in the two-period case and keeping in mind the most likely
originator approach, some interesting patterns emerge. Consider a history in which there has
been no observed symptoms, i.e. where the signal sequence is (y1 ; y1 ; :::) = (r1 ; r1 ; :::). For such
a history, the probability of any given path strictly decreases in the length of the history, for
all possible paths, except that in which neither individual is infected, i.e. the path (s1 ; s1 ; :::).
But this means that for any prior distribution and for any interior values of the parameters
( ; ), the most likely explanation for the absence of symptoms in a su¢ ciently long sequence of
observations, is that neither is in fact infected. To see this, note that the probability assigned
to the event that there is no infection in the relationship, conditional on neither individual
having shown symptoms for t periods, is given by P (s1 ; s1 ; s1 ; :::jy1:t ) = P (x0 = s1 ). This is so
because P (Xt+1 = s1 jXt = s1 ) = P (yt = r1 jxt = s1 ) = 1, which follows since state s1 is a closed
class (i.e. it does not communicate with any other state) and since a healthy individual never
shows symptoms. In other words, if state s1 is the most likely terminal state, then necessarily
the most likely state path is (s1 ; s1 ; :::).32
In contrast, the probability of any other path approaches zero, as the number of observations
with no symptoms increases. For example, the probability of the path in which both individuals
30

See e.g. Rabiner (1989) or Russell and Norvig (2003) for more details.
It is worth noting the similarities between the forward algorithm and the Viterbi algorithm. First, where
the former algorithm uses the so-called forward message P (Xt 1 jy1:t 1 ), the latter instead uses the message
maxfxk gt 2 P (x1 ; :::; xt 2 ; Xt 1 jy1:t 1 ), which are the probabilities of the most likely path to each state xt 1 .
k=1
Second, where the former algorithm sums across states xt 1 , the latter instead performs a maximization over
states xt 1 .
32
This property is shared with states s2 and s3 , since individuals cannot recover once they have become
infected.
31
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Figure 15: State Transitions and Most Likely Path with Two Observations.
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are infected from the outset, is given by P (s4 ; s4 ; s4 ; :::jy1:t ) = P (X0 = s4 )(1
)2t , which
vanishes as the number of periods without observed symptoms increases. As the number of
possible paths grows, the probability assigned to all these approaches 1 P (x0 = s1 ), even if
the probability of any one such path is negligible. In conclusion, when no symptoms are ever
observed, the best explanation is that no-one is infected and that the system has always been
in state s1 .
It should be emphasized that the Viterbi algorithm returns the state path that has the
highest joint probability amongst all possible paths. This is distinct from the path returned
by the …ltering procedure, which yields the posterior distribution across states in a point-wise
manner. In other words, a sequence of states that is constructed by including for each period
the most likely state in that period (according to the posterior distribution), is not necessarily
the best explanation of the observed sequence of signals. To see this, take any prior distribution
with P (x0 = s1 ) > 1=2 and any observation sequence with yt 6= r1 for some = 1; 2; ::: (i.e. at
least one of the individuals displays symptoms at some point in time). Any point-wise most
likely path, will necessarily start with x0 = s1 (because of the chosen prior). But eventually,
such a path would have an element xu 6= s1 , since symptoms have been observed. Yet such
a path occurs with probability zero, since state s1 is absorbing, i.e. there cannot be any
transition from state s1 to another state. Another alternative would be to construct a path of
the state by selecting at each point in time t the state that is most likely at time t from today’s
perspective (i.e. with the bene…t of hindsight). This process involves so-called smoothing and
is also subject to the criticism that it is a point-wise procedure that does not determine the
joint probability of the entire sequence.33
Next, it is interesting to recall the illustrative example considered in the Introduction and
illustrated in Figure 1. Suppose that the woman shows symptoms after a few interactions.
Under what conditions can one conclude that the woman is the most likely source of infection?
Suppose that (y1 ; y2 ) = (r1 ; r2 ), i.e. that in the …rst period, neither is symptomatic but that
in the second period, the woman shows symptoms (but the man does not). The possible state
paths in which the man is the source of the woman’s infection are f(s3 ; s3 ; s4 ); (s3 ; s4 ; s4 )g. On
the …rst path, the man infects the woman in period two while on the second path, he infects her
in period one. The possible state paths in which the woman is herself infected from the outset,
are f(s2 ; s2 ; s2 ); (s2 ; s2 ; s4 ); (s2 ; s4 ; s4 ); (s4 ; s4 ; s4 )g. On the …rst path, the woman is infected at
the outset but never infects the man. On paths two and three, the woman infects the man
in periods two and one respectively. On the last path, both individuals are infected from the
outset.
The probability that the man is the index case, is given by
P (x0 = s3 )

(1

)2 (2

(78)

)

The probability that the woman is the index case, is given by
P (x0 = s2 ) (1

)[1

3

+

2

+

2

]

(79)

The probability that both are infected from the outset, is given by
P (x0 = s4 ) (1

)3

(80)

It is immediately clear that determining the identity of the index case, is a delicate function
of the prior distribution and the parameters of the problem. For the special case in which the
prior distribution does not favor either individual, i.e. when P (x0 = s3 ) = P (x0 = s2 ), the fact
33

Sequences selected on the basis of smoothing may not be feasible paths, given the underlying transition
model.
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that the woman shows symptoms suggests that she is indeed the index case. But if the man is
initially more likely to be infected than the woman (say, because of past exposure), then the
man may well be the most likely source of infection. As an example, consider again the case
where = 0:06 and = 0:025. For P (x0 = s3 ) = P (x0 = s2 ) = 0:1 and P (x0 = s4 ) = 0:01, the
woman is the most likely index case, followed by the man. For P (x0 = s3 ) = 0:1, P (x0 = s2 ) =
0:01 and P (x0 = s4 ) = 0:01, the man is the most likely index case, followed by the woman. In
either case, the least likely scenario is that they were both infected from the outset (and thus
that there was in fact no disease transmission between the two individuals).
For given initial conditions, it is straightforward to determine the areas in ( ; )-space
where the man, the woman or both are the index case, but these areas vary with the initial
conditions in a way that is so unsystematic as to be uninformative.
B.1. Most Likely Paths with Two Observations. The path probabilities when y1:2 =
(r1 ; r1 ) :
P (s1 ; s1 ; s1 jy1:2 )
P (s4 ; s4 ; s4 jy1:2 )
P (s2 ; s2 ; s2 jy1:2 )
P (s3 ; s3 ; s3 jy1:2 )
P (s2 ; s2 ; s4 jy1:2 )
P (s3 ; s3 ; s4 jy1:2 )
P (s2 ; s4 ; s4 jy1:2 )
P (s3 ; s4 ; s4 jy1:2 )

=
=
=
=
=
=
=
=
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Given the observed signals, all other paths have occurred with probability zero.
The path probabilities when y1:2 = (r1 ; r2 ) :
P (s2 ; s2 ; s2 jy1:2 )
P (s2 ; s2 ; s4 jy1:2 )
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Given the observed signals, all other paths have occurred with probability zero.
The path probabilities when y1:2 = (r2 ; r2 ) :
P (s2 ; s2 ; s2 jy1:2 )
P (s2 ; s2 ; s4 jy1:2 )
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Given the observed signals, all other paths have occurred with probability zero.
The path probabilities when y1:2 = (r2 ; r4 ) :
P (s2 ; s2 ; s4 jy1:2 ) = P (x0 = s2 )(1
at 1 ) a t
P (s2 ; s4 ; s4 jy1:2 ) = P (x0 = s2 ) at 1 (1
) 3
P (s4 ; s4 ; s4 jy1:2 ) = P (x0 = s4 )(1
) 3

1
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Given the observed signals, all other paths have occurred with probability zero.
The path probabilities when y1:2 = (r4 ; r4 ) :
P (s2 ; s4 ; s4 jy1:2 ) = P (x0 = s2 ) at
P (s3 ; s4 ; s4 jy1:2 ) = P (x0 = s3 ) at
P (s4 ; s4 ; s4 jy1:2 ) = P (x0 = s4 ) 4
C.

1
1

4
4
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Exogenous Infection, Imperfect Protection and False Positives

In the treatment in the main text, reality has been simpli…ed by two assumptions, namely that
protection is perfect and that initial or sexual disease transmission were the only sources of
infection. These simpli…cations mean that when no symptoms are observed, infection probabilities will converge to the origin. In practice, while sexual transmission is certainly of …rst
order importance in propagating HIV infection, it is by no means the only way that infection
can spread. Other potential sources of infection include needle sharing, blood transfusions and
accidental needle pricks.34 Furthermore, even monogamous but serodiscordant couples can
cause disease transmission, when infection is imperfect. For these reasons, it is interesting to
allow for such additional risk factors and to enrich the model with imperfect protection and
with exogenous infection sources. To this end, suppose that in each period, each individual can
become independently infected with some probability 2 [0; 1]. That is, even under (perfectly
safe) protected sex, a susceptible individual will in each period be at risk of infection.35 To
model imperfect protection, recall that under protected sex, the probability of infection for an
individual i = M; W is given by rij S , where S 2 [0; R ] is the probability that protection
fails and R 2 [0; 1] is the probability of transmission when no protection is used. Recall that
R
S and let
S > 0. The risk for individual i from interaction with the partner
j, is then given by
rij [a + ]
(104)
where a 2 f0; 1g is the joint decision of the couple. Note that with imperfect protection,
the risk of infection cannot be entirely eliminated, even disregarding the exogenous source of
infection (i.e. a = = 0). The transition matrix T (at 1 ) under these modi…cations is given by
0
1
1
(2
) (1
) (1
) 2
B
0
!1
0
!2 C
B
C
(105)
@
0
0
!3
!4 A
0
0
0
1
where

!1
!2
!3
!4

1 ( at
( at 1 +
1 ( at
( at 1 +

+
)+
1+
)+
1

)

(1 ( at
(1 ( at 1 +
)
(1 ( at
(1 ( at 1 +

+ ))
))
1 + ))
))
1

(106)
(107)
(108)
(109)

The extensions to imperfect protection and exogenous infection sources changes the longterm outcomes of the dynamics. First, consider the e¤ect of imperfect protection. Under this
assumption, it is clear that unless both individuals are in fact healthy from the outset, they will
34

Mother-to-child transmission is also a possibility, but one that does not …t neatly into the present analytical
framework.
35
Note that the infection probability is now the probability that the individual be infected by either source.
Furthermore, once infected, an individual’s health status does not di¤erentiate between the two sources of
infection, i.e. the individual can now transmit the disease with probability as in the previous setting.
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necessarily end up being both infected. Thus in this case, the only possible long-run outcomes
are that beliefs are (1; 0; 0; 0) or (0; 0; 0; 1). Turning to exogenous infection sources, the e¤ects
depend on whether these are permanent or transitory. If the couple are permanently exposed
to exogenous sources, then they will become infected eventually and the only possible long-run
outcome is that beliefs are at (0; 0; 0; 1). If the infection risk is transitory, then it serves as a
shock to beliefs (which can change actions and the future evolution of the system), but the
analysis is qualitatively unchanged.

In the analysis in the main text, I have assumed that only an infected individual can show
symptoms of infection with the disease. That means that upon observing symptoms from a
given individual, the beliefs over that individual’s health state become degenerate. In practice,
symptoms are often ambiguous indicators of the health state of the individual, thereby raising
the possibility of false positives. For that reason, I will brie‡y consider the case in which
a symptom can be observed even for a healthy individual. Assume that with probability
2 [0; 1], a healthy individuals will show symptoms. In this case, the observation process is
characterized by the modi…ed emission matrix Q of the form
1
0
2
1
(1
) (1
)
B 1
(1
)
(1
) 0 C
C
B
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Under this assumption, beliefs never become degenerate and can, together with the accompanying equilibrium paths of decisions, exhibit rich dynamic behavior. For example, consider an
asymptomatic couple who engage in unprotected sex and suppose that one of the individuals
suddenly shows symptoms. Such a couple may …nd it optimal to switch from unprotected to
protected sex, in order to protect the asymptomatic individual. If no further symptoms are
observed after a period of protected sex, the couple may become su¢ ciently con…dent that the
symptom was erroneous and therefore switch back to unprotected sex. In that manner, individuals may switch back and forth between unprotected and protected sex inde…nitely, because
beliefs never become degenerate.

D.

Indifference Curves and Iso-Belief Curves in (pM ; pW )-Space
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Figure 16: Indi¤erence Curves and Iso-Belief Curves in (pM ; pW )-Space. Upper panel depicts
Case A, middle panel depicts Case B and lower panel depicts Case C. Left-hand side column
depicts contiguous cases and right-hand side column depicts non-contiguous cases.
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